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1 DNA Storage and Random Trace Reconstruction

DNA storage gives a natural motivation for reconstruction problems. Digital data are encoded
as strings over the alphabet {A,C,G,T}. During synthesis, storage, and sequencing, the stored
strand may suffer insertion, deletion, and substitution errors. In practice, one often obtains several
noisy reads and tries to recover the original strand [1].

Digital data encodg x=ux0--xp_1 € {A4,CGT}" }_»erte DNA
storage

insertion
deletion
y substitution

Reconstruct x 4—{ y» L ym

Figure 1: A schematic view of DNA storage and reconstruction.

A simple model keeps only deletion errors. Let @ = zg---x,-1 € X". A trace is a random
subsequence obtained by retaining each position independently with a fixed probability. The main
question in trace reconstruction is to determine the minimum number of traces needed to reconstruct
the original sequence uniquely with high probability.

If a trace is conditioned to have length k, then every k-subset of the positions is equally likely.
This leads to a deterministic object that records all length-k subsequences with their multiplicities.
For w € ©F, write

N(w,w):#{0§21<<Zk§n—1(%7:$zk):w}

Thus N(w;x) is the number of occurrences of w as a subsequence of .

2 Sequence Reconstruction from k-Decks

2.1 Definitions and basic properties

Definition 2.1 (k-deck). For @ = z¢---xp,—1 € X", its k-deck is the multiset
Dk(a:) :{(xil,...,mik):ogil < s < g Sn—l},

where repeated subsequences are counted with multiplicity. Two words @ and y are k-equivalent,
written & =, y, if Di(x) = Di(y). A word x is k-reconstructible if no different word has the same
k-deck.

Let «,y € ¥". The k-deck has the following basic properties.

1
2
3
4

We have Dy (z) = Di(y) if and only if N(w;z) = N(w;y) for every w € XF.
If Di(x) = Di(y), then Dy(x) = Dy(y) for every ¢ < k.
Let u € Xf with £ < k. If N(w;x) = N(w;y) for every w € ¥, then N(u;x) = N(u;y).

(
(
(
(

~— ~— ~— ~—

For every u € X¢ with £ < k,

n—/
Z N(u;w)N(w;x) = (k_£>N(u;m).

weXk

(5) If a word is k-reconstructible, then it is also (k + 1)-reconstructible.
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For binary words, define the reconstruction threshold

f(n) = min{k : every word in {0, 1}" is reconstructible from its k-deck}
= min {k : Di(x) = Di(y) implies x = y for all z,y € {0,1}"}.

The following bounds describe the main development discussed in the lecture.

Result Bound

Manvel et al. [2] logon < f(n) < [n/2].
Krasikov-Roditty [3] f(n) = O(y/n).
Dudik-Schulman [6] f(n) = exp(2(yVlogn)).

2.2 The [n/2| Upper Bound
Theorem 2.2 (Manvel et al. [2]). Forn>7, f(n) < |%].

Proof. We first prove the main part of the argument. Suppose that € {0,1}" contains exactly
k — 1 zeros. Then the zeros divide & uniquely into k£ blocks of ones, so

x=1%°0140---01%-20 1%,

where ag, ..., a_1 are nonnegative integers. Empty blocks are allowed.

For each j € {0,...,k — 1}, consider the length-k word 0710¥~1=J. Since z contains exactly
k — 1 zeros, every occurrence of this word as a subsequence of & must use all zeros of . Therefore
its unique 1 must be chosen from the block 1%, and hence

N(010 177 2) = a;.

Thus the k-deck gives all the numbers aqg,...,ar_1, which uniquely specify . Hence x is k-
reconstructible.

If & contains fewer than k — 1 zeros, then by the basic properties of decks, the k-deck gives the
shorter deck whose length is one more than the number of zeros. The same argument applies. By
symmetry, the same conclusion holds if the number of ones is at most k — 1.

Now suppose n < 2k. Then at least one of the symbols 0 and 1 occurs at most k — 1 times, so
every binary word of length n is k-reconstructible. Taking k = | 4|41 already gives f(n) < |§]+1.

A further treatment of the remaining boundary case improves this by one, giving f(n) < L%J

forn > 7. O
2.3 The Logarithmic Lower Bound
Theorem 2.3 (Manvel et al. [2]). For every n > 2, f(n) > |loggn| + 1.

Proof. We first construct, for every k > 1, two distinct binary words of length 2* with the same
k-deck.

Let 1 = 01 and y; = 10. For k > 1, define recursively

L4+1 = LYk, Yi+1 = YTk,

where juxtaposition denotes concatenation. Clearly, |z = |yx| = 2¥ and x;, # ys, for every k.

We claim that Dy (xr) = Di(yx) for every k > 1. We prove this by induction on k. The case
k =1 is immediate. Suppose that Di(xx) = Di(yr). By the basic properties of decks, @) and yy,
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have the same ¢-deck for every ¢ < k. Fix a word w € {0, 1}*+1. An occurrence of w in €1 = z,ys
is obtained by choosing a prefix u of w from x; and the remaining suffix v from y. Therefore

N w Cck+1 Z N u wk 'U yk)7

w=uv

where the sum is over all decompositions of w into a prefix w and a suffix v, allowing either of them
to be empty. Similarly,

N(w; yg+1) Z N(u;yr)N(v; xy).

w=uv

For every nontrivial decomposition w = uwv, both |u| and |v| are at most k. Hence
N(u;wp) = N(u;yp) and  N(viwp) = N(v;yp).
The two trivial decompositions contribute N (w;xx)+ N(w;yg) to both sums. Thus N(w; xp41) =
N (w; ypy1) for every w € {0, 1}+1. Hence
Di+1(@k41) = Dit1(Yk+1),

which proves the claim.

Now let k = |logy 1|, so 28 < n. If n = 2F, the distinct words x; and y;, already have the same
k-deck. If n > 2F, append the same binary word z of length n — 2¥ to both words. Since xj, and yy,
have the same ¢-deck for every ¢ < k, the same decomposition argument shows that xpz and yiz
have the same k-deck.

Thus there are two distinct words in {0, 1}" with the same k-deck. Therefore not every word
of length n is k-reconstructible, and hence f(n) > k = |logy n|. This gives the desired bound. [

3 The Krasikov—Roditty Upper Bound

We now improve the linear upper bound to an O(y/n) upper bound. The main idea is to convert
equality of k-decks into algebraic identities.

Theorem 3.1 (Krasikov—Roditty [3]). Every binary word of length n is reconstructible from its
k-deck whenever k > b/ 16"J + 5. In particular, f(n) = O(y/n).

We prove the theorem by contradiction. Suppose that two distinct words x,y € {0,1}" have
the same k-deck, and write

$:($0,...,1’n_1), y:(y0>"'7yn—1)a

and §; = x; —y; for i € {0,...,n — 1}.

The proof consists of two steps.

(1) We use simple statistics of the k-deck to show that

n—1
Z p(Z)(SZ =
=0

for every real polynomial p of degree less than k.

(2) We construct a polynomial p of degree less than k that detects the first position at which @
and y differ. For this polynomial,

n—1
> p(i)di # 0,
i=0

which gives a contradiction.

The first step follows directly from the k-deck. The second step uses a polynomial construction
of Borwein, Erdélyi, and Kés.
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3.1 From Deck Equality to Vanishing Moments

Let * = (2o,...,2n—1) € {0,1}". For each j € {0,...,k — 1}, let Sj(x) be the total number
of occurrences of the symbol 1 in the jth coordinate among all members of Dy (x), counted with
multiplicity.

Fixi € {0,...,n—1} with z; = 1. If z;; appears in the jth coordinate of a length-k subsequence,
then exactly j positions must be chosen from {0,...,7 — 1}, and exactly k — j — 1 positions must
be chosen from {i +1,...,n — 1}. Hence the position i contributes

Dl

to Sj(x). Summing over all positions, we obtain

=i\ (n—i-1
s =5 ()5

Now suppose that Dy(x) = Dy(y). Then S;(x) = S;(y) for every j € {0,...,k — 1}. Therefore

n—1 . .
(] n—i—1 '
Z<'><k_j_1>5i—0 for every j € {0,...,k—1}.

i—0 \J
t n—t—1
po- () (23)

where the binomial coefficients are viewed as polynomials in ¢. Since

t —t—1
deg| .| =7 and deg " i =k—j—1,
J k—j—1

we have deg F; < k — 1.

For j € {0,...,k — 1}, define

Lemma 3.2. The polynomials Fy, ..., Fr_1 form a basis of the real polynomials of degree at most
k—1.
Proof. The vector space of real polynomials of degree at most k — 1 has dimension k, so it is enough
to prove that Fy, ..., Fr_1 are linearly independent.

Suppose

k—1
>_a;Fj(t) =0
=0

and not all a; are zero. Let jo be the smallest index such that aj, # 0. Evaluating at ¢t = jo, all
terms with j < jo vanish because their coefficients are zero, while all terms with j > jo vanish
because () = 0. Thus aj, Fj, (jo) = 0. However,

. n — jo -1
F; = > 0,
a contradiction. Hence the polynomials are linearly independent. O

The preceding identities therefore hold not only for the polynomials F};, but for every polynomial
of degree less than k.
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Proposition 3.3 (Moment-vanishing principle [3]). If ¢,y € {0,1}" satisfy Di(x) = Di(y), then

n—1

> p(i)di =0
i=0

for every real polynomial p with degp < k.

Proof. For each j € {0,...,k — 1}, equality of the k-decks gives

By Lemma 3.2, every polynomial p of degree less than k£ can be written as p = Z?;& c; I for some
real numbers ¢y, ..., cx_1. Therefore

n—1 k—1 n-—1
Zp(i)& = chZF 1)0; =
i=0 i=0

<.

3.2 A Polynomial Detecting the First Difference

The moment identities alone do not yet give a contradiction. We need a polynomial of degree
less than k& whose value at the first position where & and y differ dominates its values at all later
positions.

The required polynomial is given by the following result.

Theorem 3.4 (Borwein-Erdélyi-Koés [4]). For every integer N > 1, there is a real polynomial q
such that |g(0)] > Z;-Vzl lg(4)| and degq < { 16NJ +4.

Proof of the Krasikov—Roditty theorem. Suppose, for a contradiction, that  # y and Di(x) =
Di(y). Let @ = min{i : x; # vy;}. Thus 6; = 0 for every i < a, while |6,] = 1. If a = n — 1, then
taking the constant polynomial p(¢) = 1 in Proposition 3.3 gives 0 = Z;’L:_ol d; = 04, a contradiction.
We may therefore assume that a <n—1andset N=n—1—a > 1.

Apply Theorem 3.4 with this value of N, and let ¢ be the resulting polynomial. Define p(t) =
q(t — a). Since N < n, we have

16 N 1
degp = degq < b/iJ +4< b/i"J +4 <k

Hence Proposition 3.3 gives ?:_01 p(i)d; = 0.
On the other hand, since ¢; = 0 for ¢ < a and |d;| < 1 for every i, we have

n—1 n—1
> pli)di| = |0aq(0) + > dig(i —a)| > |q(0 I—Zlq )| >0,
=0 i=a+1

contradicting the moment-vanishing principle.

Therefore two distinct binary words cannot have the same k-deck when k > b/ 16”J + 5. This
proves the theorem. O
Remark 3.5 (g-ary sequences). The reconstruction threshold does not depend on the size of the alphabet.

More precisely, for every g > 2, every word in [g]|" is k-reconstructible if and only if every binary word in
{0,1}" is k-reconstructible.
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Remark 3.6 (Matrices and hypermatrices). The same reconstruction problem can be considered for matrices
and higher-dimensional arrays. For an n xn matrix, the k-deck is the multiset of all k£ x k submatrices obtained
by choosing k rows and k columns while preserving their orders.

Ko6s, Ligeti, and Sziklai [5] proved that, for all sufficiently large n, every n xn matrix can be reconstructed
from its k-deck when k > 38n2/3. More generally, Zhong and Zhang [7] obtained an O(n%(?+1)) upper bound
for fixed d-dimensional hypermatrices. For d > 3, the upper bound has been improved to O (n2/ 3) recently
by the group of Zhang.

4 The Dudik—Schulman Lower Bound

We now turn to the lower bound. The logarithmic construction in Section 2 produces explicit
pairs of k-equivalent words, but their length grows only exponentially in k. Dudik and Schulman
gave a much more efficient recursive construction.

Theorem 4.1 (Dudik-Schulman [6]). For binary sequence reconstruction,
f(n) = 3W2BeVIosn — oxp(Q(\/logn)).
The main idea is to construct pairs of distinct words with the same k-deck recursively. Define
S(k) := min {m : there exist distinct x,y € {0,1}" with Dy(x) = Dr(y)}.

If S(k) < n, then such a pair can be extended to length n by appending the same symbols to both
words. Hence f(n) > k. Therefore, to obtain a lower bound on f(n), it is enough to find a good
upper bound on S(k).

Dudik and Schulman achieve this through the recurrence
S(3k+ R) < S(k)k*°)  (Re{0,1,2}).
We first explain the construction behind this recurrence.

4.1 The Recursive Construction

Take distinct x,y € {0,1}°*) with Dy (z) = Di(y). We regard  and y as two large symbols
X and Y. For a template p = p; -+ pp, € {X, Y}, define h(X) :=x, h(Y) :=y, and

h(p) = h(p1) - h(pm)-

Thus h(p) is a binary word of length m.S(k).

Our goal is to find two short distinct templates p, g such that Dsiir(h(p)) = Dsk+r(h(q)).
This would give
Sk + R) < mS(k).
We therefore need to understand what information about a template can be detected by a subse-
quence of length 3k + R.

Since x and y have the same decks of every length at most k, a substituted block cannot be
distinguished as X or Y if the subsequence uses at most k& symbols from that block. We represent
such an undistinguished block by a wildcard symbol J, which may match either X or Y.

For r € {1,2} and t > r, let U,(t) be the family of patterns over {X,Y, J} of length at most ¢
with exactly r symbols from {X,Y}. For a pattern u and a template p, let Ny (u;p) be the number
of order-preserving embeddings of w into p, where J may match either X or Y.

For example, if p = XYY, then Ny(XJ;p) =2 and Ny(JY;p) = 3.
For k1 > ko, two templates p and q are called U(ky, k2)-equivalent if

Ny (u;p) = Ny(u;q) for every u € Uy (k1) U Ua(k2).

Let Sy (ki, k2) be the minimum common length of two distinct U (k1, k2)-equivalent templates.

The next lemma shows why the parameters 2k + R and k + R are the relevant ones.
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Lemma 4.2 (Dudik—Schulman [6]). For every R € {0, 1,2},
S(3k + R) < S(k) Su(2k + R, k + R).

Proof. Choose distinct U(2k + R, k + R)-equivalent templates p, g € {X,Y }"™, where m = Sy (2k +
R,k + R). We show that h(p) and h(q) have the same (3k + R)-deck.

Fix w € {0,1}%**%, Consider an occurrence of w in h(p) that visits ¢ substituted blocks. It
uniquely splits w into nonempty consecutive pieces

w = wp - Wy,

where w; is chosen from the corresponding substituted block.
Call ws long if |ws| > k. If |ws| < k, then

N(’LUS, 33) = N(wsa y)v

so this piece cannot distinguish whether the corresponding template symbol is X or Y. Such a
position therefore behaves as a wildcard J.

There can be at most two long pieces, since three of them would use at least 3(k+1) > 3k+ R
symbols.

If there is no long piece, then the contribution of this decomposition to N (w;h(p)) is indepen-
dent of the template.

If there is exactly one long piece, then the template matters at only one visited position.
Moreover, 3k + R > (k+ 1) + (¢ — 1), so £ < 2k + R. Hence its contribution is determined by a
statistic in U1 (2k + R).

If there are exactly two long pieces, then the template matters at only two visited positions.
In this case, 3k + R > 2(k + 1) + (¢ — 2), so £ < k+ R. Hence its contribution is determined by a
statistic in Us(k + R).

Therefore every possible contribution to N(w;h(p)) is determined by the U(2k + R,k + R)-
statistics of p. Since p and q are U(2k + R,k + R)-equivalent, the same contributions occur for
h(q). Thus

N(w; h(p)) = N(w; h(q))

for every w € {0, 1}3F+E,

Hence h(p) =sk+r h(q). Since p # q and x # y, the two substituted words are distinct, and
their common length is mS(k). Therefore

S(3k + R) < S(k)Sy(2k + R,k + R).

4.2 Finding Indistinguishable Templates

It remains to bound Sy (k1, k2). The idea is to record only the one- and two-position statistics
that are visible to the substitution argument.

For a template p € {X,Y}™, first record, for each j € [k1], the number of length-k; sub-
sequences whose jth symbol is X. These k1 numbers determine the corresponding one-symbol
statistics with Y as well.

We first explain why these length-k; statistics determine all shorter one-symbol statistics. Let
u € Uy (k1) have length ¢ < k1, and suppose that its unique non-wildcard symbol o € {X, Y} occurs
in position a. Let A‘;(p) denote the number of length-k; subsequences of p whose jth symbol is
0. Double counting pairs consisting of an occurrence of u and a length-k; set of template positions

containing it gives
m—{ M=\ (k-
Ny(u;p) = A7 (p).
<k1—£> U(uap) ];1 <0J—1><€—CL ](p)

8
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Hence the length-k; one-position counts determine all Uj(kp)-statistics. In particular, they deter-
mine the one-position statistics of length ko.

Next, for every 1 < r < s < ko, record the number of length-ky subsequences whose rth and sth
symbols are both X. For two fixed positions there are four possibilities X X, XY, Y X, YY. Their
one-position marginals at length ko are already known from the preceding paragraph, so the X X
count determines the other three counts as well. Thus all two-position statistics of length ko are
determined.

These length-ko statistics also determine all shorter two-position statistics. Indeed, let u €
Us(k2) have length ¢ < ko, with its two non-wildcard symbols 0,7 € {X,Y} in positions a < b.
Let Bl (p) denote the number of length-ko subsequences whose rth and sth symbols are o and 7,
respectively. Double counting as above gives

m— ¥ r—1\[s—r—1 ko — s
N, (p) = . B%T(p).
<k2 _£> vlwip) 1<r§<k2 (a - 1) (b_ a-— 1) (5_ b) " (®)

Hence the recorded one- and two-position data determine all U (k1, k2)-statistics. We call these data
the signature of p.

Each one-position count has at most (ZZ) + 1 possible values, and each two-position count has
at most (,22) + 1 possible values. Hence the number of possible signatures is at most

m 1k1 m 1(k22)< K K=K+ ko[ 2
k1+ k2+ =m , —1+22-

On the other hand, there are 2 templates of length m. If 2™ > m then by the pigeonhole
principle two distinct templates have the same signature, and hence are U(ky, k2)-equivalent. It
follows that

SU(k‘l, kQ) S (1 + 0(1))K10g2 K.

We now take k1 = 2k + R and ky = £k + R. Then

kE+R

K:(2k+R)2+(k:+R)< 0

) = %k?’ +O(k?),

and hence Sy (2k + R,k + R) < k31 Together with Lemma 4.2, this gives
S(3k + R) < S(k)k3To0),
4.3 Iterating the Recurrence
We have proved that, for R € {0, 1,2},
S(3r + R) < S(r)rdte®).

We now iterate this recurrence.

Fix K, and define
K;
Ky =K, Kji1 = {SJJ

We stop when K is bounded. For every j < t, there is some R; € {0,1,2} such that
Kj = 3Kj+1 + Rj.
Applying the recurrence with » = K; 1 gives

logz S(Kj) < logs S(Kjt1) + (3 + o(1)) logs Kjj11.
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Iterating from Ky = K down to K; yields

logs S(K) < O(1) + (3+ of Zlogg J41-

Since at each step the parameter is reduced by a factor of approximately 3,

K
K; = 3—]+O( ) t =logs K + O(1).
Hence
t—1 t—1
> logz Kjy1 =Y (logs K — (j+ 1)+ O(1))
7=0 3=0

1
= §(log3 K)? + O(log K).

The accumulated error from the o(1) terms is o((log K)?). Therefore

logy S(K) < (; + 0(1)) (logs K)?,

or equivalently, (3/240(1))(logs K)?
S(K) <3 =S

Replacing K again by k, we obtain
S(k) < 33/2to(1)(logs k)

Finally, taking

k= 3(\/2/3—0(1))\/log3n
gives S(k) < n, and hence f(n) > k. Therefore

F(n) = 3W2-o VI — exp((Viogn)).

4.4 Iterating the Recurrence

We now iterate the recurrence. For powers of 3, let k = 3'. Taking R = 0 repeatedly gives

logs S(3"1) <logy S(3") + (3 + o(1))t.

Summing over the previous steps,

logs S(3") < (3 + o i ( ) t2.

For a general k, set kg = k and k;j41 = |k;/3], and stop when k; is bounded. For each j < ¢, write

k;j = 3kj41 + R; with R; € {0,1,2}. Applying the recurrence at each step gives
t—1
logz S(k) < O(1) + Y (3 + o(1))logs kj41.
=0

Since k; = k/37 + O(1) and t =logg k + O(1),

1
E logs kji1 = g(logg, k)? + O(log k).
=0

10
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The accumulated error from the o(1) terms is o((log k)?). Therefore, for general k,

S(k) < 3(3/2+o(1)(logg k)?

Finally, choose

k= 3(\/2/3—0(1)% /logs n

Then the preceding bound gives S(k) < n, and therefore f(n) > k. We obtain the Dudik—

Schulman result f(n) > 3(V2/370W)V1gsn — exy(Q(y/logn)). This finishes the proof of Lemma
4.2.

We remark that for d = 1, the best known bounds remain exp(Q(y/Iogn)) < f(n) < O(v/n),
where the upper bound is due to Krasikov—Roditty [3] and the lower bound is due to Dudik—
Schulman [6].

Remark 4.3 (Graph reconstruction). Another classical reconstruction problem arises in graph theory. For
a graph G on n vertices, its deck is the multiset {G — v : v € V(G)}, where each card G — v is considered up
to isomorphism. The famous Graph Reconstruction Conjecture of Kelly and Ulam asserts that every graph
on at least three vertices is uniquely determined, up to isomorphism, by its deck.

This problem is similar in spirit to sequence reconstruction: in both cases one tries to recover a large
object from the multiset of its smaller substructures. The main difference is that a sequence carries a fixed
linear order, while the cards in a graph deck are unlabeled graphs and do not retain the identities of the
deleted vertices.
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