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Chapter 1

Combinatorial Nullstellensatz

1.1 Non-zero points of multi-variant polynomials

Assume F is a field, and f(x1, x2, . . . , xn) ∈ F[x1, x2, . . . , xn] is a polynomial with
coefficients in F. If a := (a1, a2, . . . , an) ∈ Fn and f(a) ̸= 0, then a is called a
non-zero point of f . For subsets S1, S2, . . . , Sn of F, the set

S := S1 × S2 × · · · × Sn = {(a1, a2, . . . , an) : ai ∈ Si} ⊆ Fn

is called an n-dimensional grid over F. The sets Si are usually finite subsets of F.

There are many combinatorial problems for which the existence of a solution is
equivalent to the existence of non-zero points of a polynomial in a given grid. Below
are three examples of such problems in graph theory.

The first example is graph coloring, which is a central topic of this lecture note.

For a graph G, we denote by V (G) and E(G) its vertex set and edge set. Let
N = {0, 1, 2, . . .} be the natural number set, and we denote by NG the set of mappings
g : V (G) → N.

Definition 1.1.1 Assume G is a graph. A proper coloring of G is a mapping ϕ :
V (G) → C such that ϕ(u) ̸= ϕ(v) for each edge uv ∈ E(G), where C is a subset of a
field, and is called the set of colors.

Assume G is a graph. An orientation of G is a digraph D obtained from G by
replacing each edge xy with an arc (x, y) or (y, x).
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6 CHAPTER 1. COMBINATORIAL NULLSTELLENSATZ

Example 1.1.2 Assume G is a graph. Let < be an ordering of the vertices of G.
The graph polynomial PG with variables {xv : v ∈ V (G)} defined as

PG(xv : v ∈ V (G)) =
∏

uv∈E(G),u<v

(xu − xv).

Sometimes we may define the polynomial PG(xv : v ∈ V (G)) through an orienta-
tion D as follows:

PG(xv : v ∈ V (G)) =
∏

(u,v)∈E(D)

(xu − xv).

Using the ordering amounts to choose the orientation D in which an edge uv is
oriented as (u, v) when u < v.

Let R and C be the field of real numbers and the field of complex numbers,
respectively. Then PG(xv : v ∈ V (G)) ∈ R[xv : v ∈ V (G)] ⊆ C[xv : v ∈ V (G)].

For a mapping ϕ : V → R, let PG(ϕ) = PG(ϕ(v) : v ∈ V ) be the evalutation of PG
at xv = ϕ(v) for v ∈ V (G). Then ϕ is a proper coloring of G if and only if PG(ϕ) ̸= 0,
i.e., (ϕ(v) : v ∈ V ) is a non-zero point of the polynomial PG.

In graph coloring, a central problem is whether G has a proper coloring ϕ with
colors ϕ(v) chosen from given sets, which then is equivalent to the problem whether
the graph polynomial PG has a non-zero point in a given grid.

Definition 1.1.3 A graph G is called k-colorable if G has a proper coloring ϕ using
k colors, i.e., |ϕ(V (G))| = k. The chromatic number of G is

χ(G) = min{k : G is k-colorable}.

Thus the problem whether G is k-colorable is equivalent to the problem whether
the polynomial PG has a non-zero point in the grid |S|V (G) for a k-subset S of R.

Definition 1.1.4 A list assignment of G is a mapping L that assigns to each vertex
v of G a set L(v) ⊆ R as permissible colors for v. We say G is L-colorable if G has
a proper coloring ϕ with ϕ(v) ∈ L(v) for each vertex v.

Definition 1.1.5 For f ∈ NG, an f -list assignment is a list assignment L with
|L(v)| ≥ f(v) for each vertex v. We say G is f -choosable if G is L-colorable for any
f -list assignment L of G. If f(v) = k for all vertices v, then f -choosable is called
k-choosable. The choice number of G is defined as

ch(G) = min{k : G is k-choosable.}
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Assume V (G) = {v1, v2, . . . , vn}. Then G is f -choosable if and only if any grid
L(v1) × L(v2) × . . .× L(vn) with |L(vi)| ≥ f(vi) contains a non-zero point of PG.

The second example is graph orientation with restrictions on the out-degree of
vertices.

Definition 1.1.6 Given an orientation D of G, and a vertex v of G, E+
D(v) =

{(v, u) : (v, u) ∈ E(D)} is the set of out-going edges of v, and E−
D(v) = {(u, v) :

(u, v) ∈ E(D)} is the set of in-coming edges of v. The cardinality of E+
D(v) and

E−
D(v) are the out-degree and in-degree of v, and are denoted by d+D(v) and d−D(v),

respectively.

Definition 1.1.7 Assume G is a graph and F : V (G) → 2N is a list assignment,
which assigns to each vertex v a set F (v) of integers. An orientation D of G is called
F -avoiding if for each vertex v, d+D(v) /∈ F (v).

Given such a list assignment F , the question is whether G has an F -avoiding
orientation. The following conjecture was proposed by Akbari, Dalirrooyfard, Ehsani,
Ozeki and Sherkati [1], and remains open.

Conjecture 1.1.8 Assume G is a graph and F is a list assignment that assigns to
each vertex v a set F (v) of integers. If |F (v)| ≤ (dG(v) − 1)/2, then G has an
F -avoiding orientation.

Given an orientation D of G, the imbalance of a vertex v ∈ V (G) is the difference
d+D(v) − d−D(v) between out-degree and in-degree of v. As

d+D(v) =
1

2

(
d(v) +

(
d+D(v) − d−D(v)

))
,

d+D(v) /∈ F (v) if and only if d+D(v) − d−D(v) /∈ F ′(v), where

F ′(v) : = 2F (v) − d(v).

We say an orientation D of G is imbalance F ′-avoiding if d+D(v) − d−D(v) /∈ F ′(v)
for each vertex v. Therefore, G has an F -avoiding orientation if and only if G has
an imbalance F ′-avoiding orientation. Conjecture 1.1.8 is equivalent to the following
conjecture.

Conjecture 1.1.9 Assume G is a graph and F is a list assignment that assigns to
each vertex v a set F (v) of integers. If |F (v)| ≤ (dG(v) − 1)/2, then G has an
imbalance F -avoiding orientation.
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Assume G has a preset orientation D. Then any mapping ϕ : E(G) → {1,−1}
defines an orientation Dϕ defined as follows: If ϕ(e) = 1, then Dϕ and D agree on e,
i.e., D and Dϕ orient e in the same direction. If ϕ(e) = −1, then Dϕ and D disagree
on e, i.e., D and Dϕ orient e in opposite directions. For each edge e and vertex v of
G, let

aev =


1, e ∈ E+

D(v),

0, e /∈ ED(v),

−1, ej ∈ E−
D(v).

It can be easily checked that for a mapping ϕ : E(G) → {1,−1},

aevϕ(e) =


1, e ∈ E+

Dϕ
(v),

0, e /∈ EDϕ
(v),

−1, ej ∈ E−
Dϕ

(v).

Therefore
d+Dϕ

(v) − d−Dϕ
(v) =

∑
e∈E(G)

aevϕ(e).

Now we associate to each edge e of G a variable xe. For any list assignment F ′ of G,
let gD,F ′(xe : e ∈ E(G)) be the polynomial defined as

gD,F ′(xe : e ∈ E(G)) =
∏

v∈V (G)

∏
a∈F ′(v)

(
∑

e∈E(G)

(aevxe − a).

For a mapping ϕ : E(G) → {1,−1}, gD,F ′(ϕ) ̸= 0 implies that d+Dϕ
(vi)−d−Dϕ

(v) /∈ F ′(v)

for each vertex v. Then G has an imbalance F ′-avoiding orientation if and only if the
grid {−1, 1}|E(G)| contains a non-zero point of gD,F ′ .

The third example is about edge-weighting.

Definition 1.1.10 An edge-weighting of a graph G is a mapping ϕ : E(G) → R.
Given an edge-weighting ϕ, the vertex-sum Sϕ : V (G) → R is defined as

Sϕ(v) :=
∑
e∈E(v)

ϕ(e).

We say ϕ is a proper edge-weighting if Sϕ is a proper vertex-coloring of G, i.e., for
any edge e = uv of G, Sϕ(u) ̸= Sϕ(v).

Definition 1.1.11 Given a positive integer k, we say G has a proper k-edge weight-
ing if there is a proper edge-weighting ϕ of G such that ϕ(e) ∈ {1, 2, . . . , k} for every
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edge e. We say a graph G is k-edge weight choosable if for any list assignment
L that assigns to each edge e of G a set L(e) of k real numbers, there is a proper
edge-weighting ϕ with ϕ(e) ∈ L(e) for each edge e.

If G has an isolated edge e = uv, then for any edge-weighting ϕ of G, Sϕ(u) =
Sϕ(v) = ϕ(e). So G has no proper k-edge weighting for any k. It is known [19]
that every graph without isolated edge has a proper 3-edge weighting. For list edge-
weighting, the following conjecture was proposed by Bartnicki, Grytczuk and Niwczyk
[3], and remains open.

Conjecture 1.1.12 Every graph without isolated edge is 3-edge weight choosable.

For a graph G, we associate to each edge e ∈ E(G) a variable xe. Let D be an
orientation of G and let hD be the polynomial with variables {xe : e ∈ E(G)} defined
as

hD(xe : e ∈ E) :=
∏

uv∈E(D)

(
∑
e∈E(u)

xe −
∑
e∈E(v)

xe).

It is easy to see that for a mapping ϕ : E(G) → R, hD(ϕ) ̸= 0 if and only if ϕ is
a proper edge weighting of G. Therefore, to find a proper edge-weighting of G is
equivalent to find a non-zero point of hD. Similarly for the graph polynomial, the
orientation D is just used as a reference. If D′ is another orientation of G, then either
hD = hD′ or hD = −hD′ . A point x ∈ RE(G) is a non-zero point of hD if and only
if it is a non-zero point of hD′ . We may write hG for hD (with D be an arbitrary
orientation of G). Conjecture 1.1.12 is equivalent to say that any grid

∏
e∈E(G) L(e)

with |L(e)| ≥ 3 contains a non-zero point of hG.

1.2 Combinatorial Nullstellensatz

We have shown three examples of problems in graph theory that are equivalent to
find a non-zero point in a given grid for a certian polynomial.

Combinatorial Nullstellensats is a theorem that gives a sufficient condition for a
existence of a non-zero point of a multi-variable polynomial in a given grid.

Let t = (t1, t2, . . . , tn) be a sequence of non-negative integers. We denote by xt

the monomial
∏n

i=1 x
ti
i . Every polynomial is a linear combination of monomials. For

f(x1, x2, . . . , xn) ∈ F[x2, x2, . . . , xn], we denote by cf,t the coefficient of xt in f . We
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say xt is a non-vanishing monomial of f if cf,t ̸= 0. We denote by Mon(f) the set of
non-vanishing monomials of f . Thus

f(x1, x2, . . . , xn) =
∑

xt∈Mon(f)

cf,tx
t.

The degree of xt is deg(xt) =
∑n

i=1 ti. The degree of f , denoted by deg(f), is the
highest degree of its non-vanishing monomials.

Theorem 1.2.1 [Combinatorial Nullstellensatz (CNS) [2] ] Let F be a field and
f(x) = f(x1, x2, . . . , xn) ∈ F[x1, x2, . . . , xn] be a polynomial of degree at least 1. Let
t = (t1, t2, . . . , tn) be a sequence of non-negative integers. Suppose that xt is a highest
degree non-vanishing monomial of f . Then any n-dimensional grid S = S1 × S2 ×
. . .× Sn of F with |Si| ≥ ti + 1 contains a non-zero point of f .

Proof. First we consider the case that for each variable xi, the highest degree of xi
in f is at most ti, and prove the following lemma.

Lemma 1.2.2 Assume f(x1, x2, . . . , xn) ∈ F [x1, x2, . . . , xn], the highest degree of xi
in f is at most ti, and S = S1 × . . .× Sn, where |Si| = ti + 1 for i = 1, 2, . . . , n. If f
vanishes on S (i.e., f(a) = 0 for each a ∈ S), then f ≡ 0.

Proof. If n = 1, then the result is equivalent to say that a non-zero polynomial f(x)
of degree at most t has at most t distinct roots.

Assume n ≥ 2. For each tuple (x1, . . . , xn−1) ∈ S1 × . . . Sn−1,

g(xn) = f(x1, . . . , xn) =
tn∑
j=0

fj(x1, . . . , xn−1)x
j
n

is a polynomial of xn of degree at most tn. As g(xn) vanishes on a set Sn of tn + 1
elements, g ≡ 0. I.e., for j = 0, 1, . . . , tn, fj(x1, . . . , xn−1) vanishes on S1 × . . . Sn−1.
As the degree of xi in fj(x1, . . . , xn−1) is at most ti, by induction hypothesis, fj ≡ 0.
Therefore f ≡ 0.

Now we prove Theorem 1.2.1.

If each variable xi has degree at most ti in f , then since f ̸≡ 0 (as xt is a non-
vanishing monomial of f), it follows from Lemma 1.2.2 that f has a non-zero point
in S.
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Assume for some i, f has a non-vanishing monomial
∏n

j=1 x
dj
j in which the degree

of xi is at least ti + 1. Let

gi(xi) =
∏
c∈Si

(xi − c) = xti+1
i − hi(xi),

where hi(xi) is of degree at most ti. Replace xti+1
i in the monomial

∏n
j=1 x

dj
j by

xti+1
i −gi(xi) = hi(xi). This reduces the degree of xi+1 by 1 in this monomial. Repeat

this process, until we obtain a polynomial f̃ in which the degree of xi is at most ti for
each i. Observe that the coefficient of the monomial xt =

∏n
i=1 x

ti
i in f̃ is the same

as in f , and hence is non-zero. It follows from Lemma 1.2.2 that f̃ has a non-zero
point in S. As gi(xi) = 0 for all xi ∈ Si, we conclude that f(x) = f̃(x) for x ∈ S.
Thus f has a non-zero point in S. This completes the proof of Theorem 1.2.1.

For a graph G and g ∈ NG, we denote by cG,g the coefficient of the monomial

xg =
∏

v∈V (G) x
g(v)
v in the expansion of PG.

Note that the graph polynomial PG is a homogeneous polynomial (i.e., all its non-
vanishing monomials have the same degree). The CNS is particularly suitable for the
study of graph list coloring, as shown by Theorem 1.2.3, which is an easy consequence
of the CNS.

Theorem 1.2.3 Assume G is a graph, and f, g ∈ NG. If cG,g ̸= 0 and f(v) ≥ g(v)+1
for each vertex v, then G is f -choosable.

The existence of an imbalance F ′-avoiding orientation of a graph G is equivalent
to the existence of non-zero point in the polynomial gD,F ′ (for an orientation D of
G). By applying CNS, we have the following corollary.

Corollary 1.2.4 Assume q : V (G) → N and F ′ is a list assignment that assigns to
each vertex v a set F ′(v) of q(v) integers. If gD,F ′ has a highest degree non-vanishing
monomial

∏
e∈E′ xe for some subset E ′ of E(G), then G has an imbalance F ′-avoiding

orientation D.

Let

gD,q(xe : e ∈ E(D)) =
∏

v∈V (G)

∑
e∈E(D)

(aevxe)
q(v).

Then gD,F ′ and gD,q have the same set of highest non-vanishing monomials. Therefore,
we have the following corollary.
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Corollary 1.2.5 Assume q : V (G) → N and gD,q has a highest degree non-vanishing
monomial

∏
e∈E′ xe for some subset E ′ of E(G). Then for any list assignment F ′ of

G with |F ′(v)| ≤ q(v), G has an imbalance F ′-avoiding orientation. Consequently,
for any list assignment F of G with |F (v)| ≤ q(v), G has an F -avoiding orientation.

A proper edge weighting is equivalent to a non-zero point of the polynomial hG.
By using CNS, we have the following corollary.

Corollary 1.2.6 If hG has a non-vanishing monomial
∏

e∈E x
t(e)
e with t(e) ≤ k − 1

for each edge e, then G is edge-weight k-choosable.

We shall apply CNS to show in Chapter ? that every graph G with no isolated
edge is edge-weight 5-choosable. For k = 3, 4, the question whether every graph with
no isolated edge is edge-weight k-choosable remain open.



Chapter 2

Graph polynomial

To apply CNS for a combinatorial problem, we first construct a polynomial whose
non-zero points correspond to solutions of the problem. Then we need to verify the
conditions of CNS are satisfied that ensures the existence of a non-zero point in a given
grid. We have already constructed the plynomials for the graph colouring problem,
the list out-degree avoiding orientation problem and the edge-weighting problem. We
shall focus on these problems in this lecture note. The task is to show that the
condition of CNS is satisfied for the polynomials in concern. This amounts to show
that certain monomials are non-vanishing for a given polynomial. In this chapter, we
consider the graph polynomial and show how this is done for some families of graphs.

2.1 Graph polynomial and Alon-Tarsi number

Given a graph G, the graph polynomial PG(xv : v ∈ V (G)) is defined as

PG(xv : v ∈ V (G)) =
∏

uv∈E(D)

(xu − xv),

where D is an orientation of G. To indicate which orientation D is used in the
definition, we may write PG as PD. For different orientations D and D′ of G, we have
PD = (−1)qPD′ , where q is the number of edges of G that are oriented differently in
D and D′. Usually, we choose the orientation D by ordering the vertices of G and
orient an edge uv as (u, v) if u < v. The polynomial PG is defined as

PG(xv : v ∈ V (G)) =
∏

uv∈E(G),u<v

(xu − xv).

13
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Definition 2.1.1 For g ∈ NG, cG,g denotes the coefficient of xg =
∏

v∈V (G) x
g(v)
v in

the expansion of PG(x). We say xg is a non-vanishing monomial of PG if cG,g ̸= 0.

For a graph G, let

mon(PG) = {xg : cG,g ̸= 0}

be the set of non-vanishing monomials of PG. Note that although the definition of
PG depends on the orientation D of G, mon(PG) is independent of the choice of
orientation D.

Definition 2.1.2 Assume that G is a graph and f ∈ NG
0 . We say that G is f -

Alon–Tarsi ( f -AT for short), if PG has a non-vanishing monomial xg with g(v) ≤
f(v) − 1 for v ∈ V (G). We say G is k-AT if G is f -AT for the constant function
f(v) = k for every v ∈ V (G). The Alon-Tarsi number AT (G) of G is defined as

AT (G) = min{k : G is k-AT }.

v1

v2

v3v4

v5

Figure 2.1: The grah G

For example, for the graph G in Figure 2.1,

PG(x1, x2, . . . , x5) = (x1 − x2)(x2 − x3)(x3 − x4)(x4 − x5)(x1 − x5)(x5 − x2)

= 2x21x2x3x4x5 + · · ·

and AT (G) = 3, as x21x2x3x4x5 is a non-vanishing monomial of PG(x), and the poly-
nomial is of degree 6 and hence in any non-vanishing monomial, at least one of the
variables has exponent at least 2.

By Theorem 1.2.3, if G is f -AT, then G is f -choosable, and hence

ch(G) ≤ AT (G).
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We shall derive upper bounds for AT (G) for some class of graphs. This gives upper
bounds for the choice number ch(G) of G. For those graph classes, the upper bounds
for ch(G) are usually quite tight. Nevertheless, for general graphs, the difference
AT (G) − ch(G) can be arbitrarily large.

We first give example of graphs G for which the difference AT (G)− ch(G) can be
arbitrarily large.

Definition 2.1.3 The maximum average density of a graph G is defined as

mad(G) = max{|E(H)|
|V (H)|

: H ⊆ G}.

Theorem 2.1.4 For every graph G,

AT (G) ≥ ⌈mad(G)⌉ + 1.

Proof. Assume mad(G) = |E(H)|
|V (H)| . Then for any non-vanishing monomial xg of

fG,
∑

v∈V (H) g(v) ≥ |E(H)|, and hence there is a vertex v ∈ V (H) with g(v) ≥
|E(H)|/|V (H)| = mad(G). Therefore AT (G) ≥ ⌈mad(G)⌉ + 1.

It follows from Theorem 2.1.4 that AT (Kn,n) ≥ n
2

+ 1. On the other hand,
the following proposition shows that ch(Kn,n) ≤ log2 n + 2. Hence the difference
AT (G) − ch(G) can be arbitrarily large.

Theorem 2.1.5 For any positive integer n, ch(Kn,n) ≤ log2 n+ 2.

Proof. Let k = ⌊log2 n⌋ + 2 and L is a k-list assignment of G. Without loss of
generality, assume that

⋃
v∈V (G) L(v) = {1, 2, . . . , q}. Let Xi = {v : i ∈ L(v)}.

Assume that the two partite sets of G are A,B. We assign weight w(v) = 1 to each
vertex v of G and for each subset X of V (G), let w(X) =

∑
v∈X w(v) be the weight

of X.

We color the vertices of G in q steps,

The weights of vertices in G will be updated in each step, and we always use w(v)
to denote the current weight of v. Let Ui be the set of uncolored vertices before the
ith step. So U1 = V (G). In the ith step, if w(Xi ∩ Ui ∩ A) ≥ w(Xi ∩ Ui ∩ B), then
we color vertices in Xi ∩ Ui ∩ A with color i and double the weight of each vertex in
Xi ∩ Ui ∩B. Otherwise, we color vertices in Xi ∩ Ui ∩B with color i and double the
weight of each vertex in Xi ∩ Ui ∩ A.
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It follows from the procedure above that the total weight of uncolored vertices is
never increased, and the weight of an uncolored vertex v ∈ Ui has weight w(v) =
2mi(v), where mi(v) = |L(v) ∩ {1, 2, . . . , i− 1}|. As the total weight of V (Kn,n) is 2n,
we conclude that each uncolored vertex v has weight at most 2n. Since mq+1(v) = k,
after the qth step, if v is still uncolored, then w(v) = 2k > 2n, which is a contradiction.
Thus after the qth step, all vertices are colored and we obtain an L-coloring of G.
This proves that ch(G) ≤ log2 n+ 2.

As χ(Kn,n) = 2, the difference ch(Kn,n) − χ(Kn,n) can also be arbitraruly large.

The next lemma shows that AT (G) is a monotone graph invariant, i.e., if H is a
subgraph of G, then AT (H) ≤ AT (G).

Lemma 2.1.6 Assume G is f -AT and e = uv ∈ E(G). Then G−e is either (f−1u)-
AT or (f − 1v)-AT. In particular, G− e is f -AT. As a consequence, for any subgraph
H of G, AT (H) ≤ AT (G).

Proof. Let H = G− e. By definition,

PG = (xu − xv)PH = xuPH − xvPH .

Thus for any g ∈ NG,
cG,g = cH,g−1u − cH,g−1v .

As G is f -AT, there exists g ∈ NG such that cG,g ̸= 0 and g(w) < f(w) for every
vertex w of G. Thus cH,g−1u − cH,g−1v ̸= 0, and hence at least one of cH,g−1u and
cH,g−1v is non-zero. Hence H = G− e is either (f − 1u)-AT or (f − 1v)-AT.

2.2 Alon-Tarsi Orientation

It is in general a difficult task to determine or estimate the AT number of a graph.
Nevertheless, for some families of graphs, there are tools that can be used to derive
very tight upper bound for their AT numbers. One of the tools is Alon-Tarsi Theorem,
which transforms the calculation of the coefficient of a monomial of PG into counting
the number of even and odd Eulerian sub-digraphs of an orientation of G.

Definition 2.2.1 A digraph D is called Eulerian if for every vertex v, d+D(v) = d−D(v).

Definition 2.2.2 Given a digraph D, let

E(D) = {H ⊆ E(D) : H induces a Eulerian sub-digraph of D }.
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For a subset F of E(D), let

Ee(F) = {H ∈ F : |H| ≡ 0 (mod 2)},
Eo(F) = {H ∈ F : |H| ≡ 1 (mod 2)},

diff(F) = |Ee(F)| − |Eo(F)|.

Let
Ee(D) = Ee(E(D)), Eo(D) = Eo(E(D)), diff(D) = diff(E(D)).

An element H ∈ E(D) is called a Eulerain sub-digraph of D. On the other hand,
H is treated as a subset of E(D), so we can take operations on set, such as the union,
the intersection, etc., on elements in E .

Observation 1 If F is partitioned into F1 ∪ F2, then diff(F) = diff(F1) + diff(F2).

v1

v2

v3v4

v5

Figure 2.2: A digraph D with diff(D) = 2

Note that the empty set ∅ ∈ Ee(D) for any digraph D. So Ee(D) ̸= ∅ for any
digraph D. The following easy observation will be frequently used in later proofs.

Observation 2 The arc set of a Eulerian digraph can be decomposed into directed
cycles.

Indeed, if D is a Eulerian digraph, and e = (u, v) ∈ E(D), then d−D(v) ≥ 1 implies
that d+D(v) ≥ 1. Repeating this argument, we obtain a closed directed walk containing
e. So e is contained in a directed cycle C. Now D−E(C) is also a Eulerian digraph.
Repeating this process, we decompose E(D) into disjoint union of directed cycles.

It follows from Observation 2 that Eo(D) = ∅ if and only if D contains no odd
directed cycles. In particular, if D is an acyclic digraph (i.e., it does not contain a
directed cycle), then Eo(D) = ∅ and Ee(D) = {∅}.
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Assume that D is an orientation of a graph G. For a subset A of arcs of D, denote
by AR the set of arcs obtained by reversing the orientation of the arcs in A. For
convenience, a digraph is viewed as a set of arcs. Thus (D − A) ∪ AR denotes the
digraph obtained from D by reversing the direction of the arcs in A. Note that every
orientation D′ of G is of the form (D−A)∪AR, where A is the set of arcs of D that
are reversed in D′.

Lemma 2.2.3 Assume D and D′ are orientations of a graph G. Then d+D′(v) =
d+D(v) for all v ∈ V (G) if and only if D′ = (D − A) ∪ AR for some A ∈ E(D).

Proof. Assume D′ = (D−A)∪AR. For any vertex v, d+D′(v) = d+D(v)+d+A(v)−d−A(v).
Therefore d+D′(v) = d+D(v) for all v ∈ V (G) if and only if A ∈ E(D).

Lemma 2.2.4 Assume G is a graph and D is an orientation of G. Let g(v) = d+D(v)
for each vertex v. Then

|cG,g| = |diff(D)|.

Proof. We may assume that PG(xv : v ∈ V (G)) =
∏

(u,v)∈E(D)(xu−xv), and we shall

prove that cG,g = diff(D).

In calculating the expansion of PG, we first do 2|E(G)| multiplications, where each
multiplication is done by choosing, for each arc (u, v) ∈ E(D), either xu or −xv
participates in the multiplication. We use an orientation D′ of G to indicate for each
arc (u, v) of D, whether xu or −xv is chosen.

For an arc e = (u, v) of D, we define the weight w(e) to be w(e) = xu if (u, v) ∈
E(D′) and w(e) = −xv if (v, u) ∈ E(D′), and let w(D′) =

∏
e∈A(D)w(e). Then

PG(xv : v ∈ V (G)) =
∑
D′

w(D′), (2.1)

where the summation ranges over all the 2|E(G)| orientations D′ of G.

Assume that D′ is an orientation of G. Let A be the set of arcs of D that are
reversed in D′, i.e., D′ = (D − A) ∪ AR. Then

w(D′) = (−1)|A|
∏

v∈V (G)

x
d+
D′ (v)
v .

So D′ makes a contribution of 1 or −1 (depending on the parity of m(D′)) to the
coefficient xg if and only if d+D′(v) = g(v) = d+D(v) for each vertex v. By Lemma 2.2.3,
A ∈ E(D). Hence cG,g =

∑
A∈E(D)(−1)|A| = |Ee(D)| − |Eo(D)| = diff(D).
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Definition 2.2.5 Assume D is an orientation of G. If diff(D) ̸= 0, then we say D
is an Alon-Tarsi orientation (or an AT-orientation, for short) of G.

For a digraph D, let ∆+
D = max{d+D(v) : v ∈ V (D)} be the maximum out-degree

of D. The following is a corollary of Lemma 2.2.4.

Corollary 2.2.6 A graph G is f -AT if and only if G has an AT-orientation D with
d+D(v) < f(v) for all v ∈ V (G), and

AT (G) = min{k : G has an AT-orientation D with ∆+
D = k − 1}.

Lemma 2.2.7 For any two orientations D1, D2 of a graph G with the same out-degree
sequence, |E(D1)| = |E(D2)| and |diff(D1)| = |diff(D2)|.

Proof. Assume D1, D2 are orientations of G with the same out-degree sequence.
Then D2 = (D1 − A) ∪ AR for some A ∈ E(D1). For any H ∈ E(D1), let ϕ(H) =
(H − A) ∪ (HR ∩ A). Then ϕ is a bijection from E(D1) to E(D2). Moreover, |H| ≡
|ϕ(H)| + |A| (mod 2). Therefore |E(D1)| = |E(D2)| and |diff(D1)| = |diff(D2)|.

Definition 2.2.8 A digraph D is strongly connected if for any two vertices u and v,
there is a directed path from u to v.

Definition 2.2.9 For a digraph D, a strongly connected component of D is a max-
imal sub-digraph of D which is strongly connected.

Observe that for any digraph D, there is a partial ordering ≤ of the strongly
connected components of D such that for any two strongly connected components A
and B of D, if A < B, then there are arcs between A and B and all the arcs between
A and B are from A to B.

Lemma 2.2.10 Assume that D is a digraph and V (D) = X1∪̇X2. For i = 1, 2, let
Di = D[Xi] be the sub-digraph of D induced by Xi. If all the arcs between X1 and X2

are from X1 to X2, then D is Alon-Tarsi if and only if D1, D2 are both Alon-Tarsi.

Proof. Since any arc of a Eulerian digraph is contained in a directed cycle, each
Eulerian sub-digraph H of D is the arc disjoint union of H1 and H2, where Hi is a
Eulerian sub-digraph of Di. Now H is even if and only if H1, H2 have the same parity.
Therefore

|Ee(D)| = |Ee(D1)| × |Ee(D2)| + |Eo(D1)| × |Eo(D2)|,
|Eo(D)| = |Ee(D1)| × |Eo(D2)| + |Eo(D1)| × |Ee(D2)|.

So diff(D) = diff(D1) × diff(D2) and D is AT if and only if both D1, D2 are AT.
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Corollary 2.2.11 Assume D is a digraph and V (D) = X1 ∪ X2, and Di = D[Xi]
for i = 1, 2. If for all vertices v ∈ X1 ∩X2, d

+
D2

(v) = 0, then D is Alon-Tarsi if and
only if D1, D2 are both Alon-Tarsi.

Proof. Let X ′
2 = X2 − X1. Then V (D) = X1∪̇X ′

2, and all the edges between X1

and X ′
2 are oriented from X ′

2 to X1. Also D2 is Alon-Tarsi if and only if D[X ′
2] is

Alon-Tarsi.

Corollary 2.2.12 A digraph is Alon-Tarsi if and only if each of its strongly connected
components is Alon-Tarsi.

Lemma 2.2.13 Assume D is a digraph and V (D) = X1 ∪ X2, and Di = D[Xi]
for i = 1, 2. If |X1 ∩ X2| = 1, then D is Alon-Tarsi if and only if D1, D2 are both
Alon-Tarsi.

Proof. For any sub-digraph H of D, let Hi = H ∩ Di. Then H is Eulerian if and
only if both H1 and H2 are Eulerian. Hence diff(D) = diff(D1) × diff(D2) and D is
AT if and only if both D1, D2 are AT.

2.3 Bipartite graphs and acyclic orientations

In general, it is difficult to determine if an orientation D of a graph G is AT. However,
there are some cases where this problem is easy. Observe that every digraph D has
at least one even Eulerian sub-digraph, namely, the empty sub-digraph, and every
Eulerian digraph can be decomposed into directed cycles. So if D has no odd directed
cycle, then D has no odd Eulerian sub-digraph and hence D is AT. Thus we have the
following result.

Lemma 2.3.1 If G is a bipartite graph, then every orientation D of G is an AT-
orientation. For any graph G, any acyclic orientation D of G is an AT-orientation
of G.

Corollary 2.3.2 If G is a bipartite graph, then AT (G) = maxH⊂G

⌈
|E(H)|
|V (H)

⌉
+ 1.

Proof. Assume that k = maxH⊂G

⌈
|E(H)|
|V (H)

⌉
. By Theorem 2.1.4, AT (G) ≥ k + 1.
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We now show that there is an orientation D of G for which ∆+
D ≤ k. We construct

a bipartite graph Q with partite sets E(G) and V (G) × [k], where [k] = {1, 2, ..., k},
and (v, j) ∈ V (G) × [k] is adjacent to e ∈ E(G) if v is an end vertex of e. For any
subset X of E(G), let Y be the set of vertices of G each of which is incident to at
least one edge of X. Then NQ(X) = Y × [k]. Since |X| ≤ k|Y |, we conclude that
|X| ≤ |NQ(X)|. By Hall’s Theorem, Q has a matching M that saturates every e ∈ E.
We orient the edge e = uv ∈ E(G) as (u, v) if and only if (e, (u, j)) ∈ M for some j.
Then the resulting orientation D has ∆+

D ≤ k. By Corollary 2.2.6, AT (G) ≤ k + 1.
Hence AT (G) = k + 1.

Corollary 2.3.3 Bipartite planar graphs G have AT (G) ≤ 3 and are therefore 3-
choosable.

Proof. By Euler’s formula, for any connected subgraph H of G, |V (H)| + |F (H)| −
|E(H)| = 2. As each face of H has degree at least 4, we conclude that 4|F (H)| ≤∑

f∈F (H) d(f) = 2|E(H)|. So |F (H)| ≤ 1
2
|E(H)|. This implies |E(H)|/|V (H)| < 2.

Definition 2.3.4 Assume G is a graph and f ∈ NG. We say G is strict f -degenerate
if G has an acyclic orientation D such that d+D(v) < f(v) for all v ∈ V (G). The strict
degeneracy (also called the coloring number) of G, denoted by st(G) (also denoted by
col(G)), is defined as

st(G) = min{k : G is strict k-degenerate}.

Lemma 2.3.5 For any graph G,

st(G) = 1 + max{δ(H) : H is a subgraph of G},

where δ(H) stands for the minimum degree of H.

Alternately, st(G) is the minimum integer k such that there is a linear ordering <
of the vertices of G so that each vertex v has at most k − 1 neighbors u with u < v.
By orienting each edge uv as (u, v) if u > v, we obtain an acyclic orientation D of G
with δ+D = col(G) − 1. Hence we have the following corollary.

Corollary 2.3.6 For any graph G, AT (G) ≤ st(G).
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2.4 The Cartesian product of a path and an odd

cycle

Another simple sufficient condition for an orientation D to be Alon-Tarsi is that
|E(D)| is odd. For, if |Ee(D)| = |Eo(D)|, then |E(D)| = |Ee(D)| + |Eo(D)| is even.
Hence if |E(D)| is odd, then |Ee(D)| ̸= |Eo(D)| and D is Alon-Tarsi. In this section,
this idea is used to prove that the Cartesian product of a path and an odd cycle has
Alon-Tarsi number 3.

Definition 2.4.1 Assume that G = (V,E) and G′ = (V ′, E ′) are graphs. The Carte-
sian product G2G′ is the graph with vertex set V × V ′, in which (x, x′) is adjacent
to (y, y′) if and only if either x = x′ and yy′ ∈ E ′ or y = y′ and xx′ ∈ E.

Figure 2.3: The graph P32C5

Theorem 2.4.2 [18] If G is the Cartesian product C2k+12Pn of an odd cycle and a
path, then AT (G) = 3.

Proof. Since G has chromatic number 3, we know that AT (G) ≥ 3. It remains to
show that AT (G) ≤ 3. If n = 1, then the result is obvious. We assume that n ≥ 2.

Assume that the vertices of G are {(vi, wj) : 1 ≤ i ≤ 2k+ 1, 1 ≤ j ≤ n}, where for
each j, the set Xj = {(vi, wj) : 1 ≤ i ≤ 2k+ 1} induces an odd cycle of length 2k+ 1,
and for each i, the set Yi = {(vi, wj) : 1 ≤ j ≤ n} induces a path on n vertices. Let
D be the orientation of G in which the edges of G are oriented in such a way that for
each j, G[Xj] is a directed cycle, and for each i, G[Yi] is a directed path from (vi, w1)
to (vi, wn) [See Figure 2.4].

Let D∗ be obtained from D by adding an arc e∗ from (v2, wn) to (v1, w1). It is
easy to check that D∗ has maximum out-degree 2. Now we show that D∗ has an odd
number of Eulerian sub-digraphs.
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Figure 2.4: The digraphs D and D∗ for n = 3 and k = 2

Note that the only directed cycles in D are those directed cycles induced by Xj

for j = 1, 2, . . . , n. All the directed cycles in D∗ not contained in D contain the arc
e∗.

Let

A = {Q ∈ E(D∗) : ∃j ∈ {1, 2, . . . , n}, E(D[Xj]) ⊆ E(Q) or E(D[Xj]) ∩ E(Q) = ∅}.

For Q ∈ A, let π(Q) = Q∆E(D[Xj]), where j is the smallest index for which
E(D[Xj]) ⊆ E(Q) or E(D[Xj]) ∩ E(Q) = ∅. Then Q ̸= π(Q) ∈ A and π2(Q) = Q.
So |A| is even.

Let B be the set of all the other Eulerian sub-digraphs of D∗. Since each Eulerian
sub-digraph can be decomposed into an arc-disjoint union of directed cycles (and the
only directed cycles in D are D[Xj], for 1 ≤ j ≤ n), we conclude that each member
of B is a directed cycle containing e∗ and contains at least one arc and at most 2k
arcs from each directed cycle D[Xj]. To construct such a directed cycle C, we start
from (v1, w1), traverse at least one arc but at most 2k arcs from D[X1], then go to X2

and traverse at least one arc but at most 2k arcs from D[X2], and then continue in
the same fashion to X3, X4, . . . , Xn. Such a directed cycle is uniquely determined by
the positions in which it goes from Xi to Xi+1 for i = 1, 2, . . . , n − 1. Since the last
arc of the directed cycle is from (v2, wn) to (v1, w1), for the directed cycle to contain
at least one and at most 2k arcs of D[Xn], it is required that the arc from Xn−1 to
Xn is not the arc joining (v2, wn−1) to (v2, wn).

Let Sn, S
′
n and S ′′

n be sets of integer sequences defined as follows:

Sn = {(i1, i2, . . . , in−1) : 1 ≤ ij ≤ 2k + 1, i1 ̸= 1, ij+1 ̸= ij},
S ′
n = {(i1, i2, . . . , in−1) ∈ Sn : in−1 ̸= 2},
S ′′
n = {(i1, i2, . . . , in−1) ∈ Sn : in−1 = 2}.

By the argument above, |B| = |S ′
n|.
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Each sequence in S ′′
n−1 can be extended to a sequence in S ′

n in 2k different ways
(in−1 can be any index distinct from in−2), and each sequence in S ′

n−1 can be extended
to a sequence in S ′

n in 2k−1 different ways (in−1 can be any index distinct from both
in−2 and 2). So |S ′

n| = |S ′′
n−1|2k + |S ′

n−1|(2k − 1). Thus |S ′
n| ≡ |S ′

n−1| (mod 2). As
S ′
2 = 2k− 1 is odd, we conclude that |B| = |S ′

n| is odd. Thus D∗ is an AT-orientation
of G∗ = G+ e, where e is an edge connecting (v1, w2) to (v2, wn). Hence AT (G∗) ≤ 3,
and by Lemma 2.1.6, AT (G) ≤ 3.

Corollary 2.4.3 If G = C2k+12Pn for some positive integers k, n, then χ(G) =
ch(G) = AT (G) = 3.

If G = C2k2Pn and n ≥ 2, then G is a bipartite graph with 1 < |E(G)|/|V (G)| <
2. By Corollary 2.3.2, AT (G) = 3. So the Cartesian product of any cycle with a path
with at least two vertices has Alon-Tarsi number 3.

It is natural to ask as to what is the Alon-Tarsi number of the Cartesian product
Cn2Cm of two cycles. If both n and m are even, then Cn2Cm is bipartite, and it
follows from Corollary 2.3.2 that Cn2Cm has Alon-Tarsi number 3. When at least
one of n,m is odd, this question will be answered in Section 4.5.

2.5 A Hamilton cycle plus a family of triangles

Similar to the idea in the previous section, if |Ee(D)| = |Eo(D)| is even, then |E(D)| ≡
0 (mod 4). Thus if |E(D)| ≡ 2 (mod 4) and |Ee(D)| is even, then D is an Alon-Tarsi
orientation. In this section, this technique is used to prove a family of 4-regular
graphs has Alon-Tarsi number 3.

Assume that D is an Eulerian digraph. For any Eulerian subdigraph H of D, its
complement D\H is also an Eulerian digraph. If D has an odd number of arcs, then
H and D\H have opposite parity. Hence |Ee(D)| = |Eo(D)|. So D is not an AT-
orientation. On the other hand, if D has an even number of arcs, then H and D\H
have the same parity. Thus, |Ee(D)| and |Eo(D)| are even. Therefore, if |E(D)| ≡ 2
(mod 4), then |Ee(D)| ≠ |Eo(D)|. Hence D is an Alon-Tarsi orientation.

We shall frequently use the following lemma.

Lemma 2.5.1 If H and H ′ are Eulerian digraphs on the same set of vertices, then
(H −H ′) ∪ (H ′ −H)R is a Eulerian digraph.
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Proof. In the formula (H −H ′) ∪ (H ′ −H)R, H and H ′ are treated as sets of arcs.

Let H ′′ = (H −H ′) ∪ (H ′ −H)R. Then

E+
H′′(v) = E+

H(v) − E+
H∩H′(v) + E−

H′(v) − E−
H∩H′(v),

E−
H′′(v) = E−

H(v) − E−
H∩H′(v) + E+

H′(v) − E+
H∩H′(v).

As d+H(v) = |E+
H(v)| = |E−

H(v)| = d−H(v) and d+H′(v) = |E+
H′(v)| = |E−

H′(v)| = d−H′(v),
we conclude that d+H′′(v) = d−H′′(v). So H ′′ is a Eulerain digraph.

Assume that G is a 4-regular graph on 3n vertices whose edge set can be de-
composed into a Hamiltonian cycle and n pairwise vertex-disjoint triangles. Erdős
asked whether G is 3-colorable. This question, often referred to as “Erdős’ cycle plus
triangle problem”, was answered in the affirmative by Fleischner and Stiebitz in 1992
[15]. Indeed, Fleischner and Stiebitz proved the following stronger result.

Theorem 2.5.2 Assume that G is a 4-regular graph on 3n vertices whose edge set
can be decomposed into a Hamiltonian cycle and n pairwise vertex disjoint triangles.
Then AT (G) = 3.

v1

v2

v3

v4

v5

v6

Figure 2.5: An example of a graph G of Theorem ??

To prove Theorem ??, we need to find an AT-orientaiton D of G in which each
vertex has out-degree at most 2. Since

∑
x∈V (D) d

+
D(x) = |A(D)| = 2|V (D)|, we

conclude that d+D(x) = d−D(x) = 2 for each vertex x. So D is an Eulerian digraph with
an even number of arcs. Hence Theorem ?? follows from the next lemma.
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Lemma 2.5.3 Assume that D is an Eulerian digraph whose edge set can be decom-
posed into a directed Hamiltonian cycle C and n ≥ 0 pairwise vertex-disjoint directed
triangles. Then |E(D)| ≡ 2 (mod 4).

Proof. As the n triangles are vertex disjoint, |V (D)| ≥ 3n. We observe that the
number of vertices of D can be greater than n. Thus some vertices of D may not
be contained in any of the n triangles, and hence has in-degree and out-degree both
equal to 1.

We prove the lemma by induction on n. If n = 0, then D is a directed cycle and
|E(D)| = 2 (the only Eulerian subdigraphs of D are the empty digraph and D itself).

Assume that n ≥ 1 and the Lemma holds if there are at most n− 1 triangles.

Let T be one of the triangles as indicated in Figure 2.6, where V (T ) = {x1, x2, x3}
and the arcs of T are a1 = (x3, x2), a2 = (x1, x3), a3 = (x2, x1).

a1

a2

a3

x1

x2

x3

b1

b2

b3

Figure 2.6: Digraph D

Now an Eulerian subdigraph of D may contain one, two, all or
none of the arcs a1, a2, a3. Recall that for arcs z1, z2, . . . , zq, y1, y2, . . . , yp,
E(D, z1, z2, . . . , zq, y1, y2, . . . , yp) is the family of Eulerian subdigraphs H of D which
contain z1, z2, . . . , zq but which do not contain any of y1, y2, . . . , yp.

Hence

E(D) = E∗(D)∪̇E(D, a1, a2, a3)∪̇E(D, a1, a2, a3),
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where

E∗(D) = E(D, a1, a2, a3)∪̇E(D, a2, a1, a3)∪̇E(D, a3, a1, a2)

∪̇E(D, a1, a2, a3)∪̇E(D, a2, a1, a3)∪̇E(D, a3, a1, a2).

Let D′ = D − A(T ), where A(T ) stands for the arc set of T . Then D′ is an
Eulerian digraph whose arc set is decomposed into a Hamiltonian cycle and n − 1
pairwise vertex disjoint triangles. By induction hypothesis, |E(D′)| ≡ 2 (mod 4). It
is obvious that

|E(D′)| = |E(D, a1, a2, a3)| = |E(D, a1, a2, a3)|.

So |E(D, a1, a2, a3)| + |E(D, a1, a2, a3)| ≡ 0 (mod 4). As

|E(D)| = |E∗(D)| + |E(D, a1, a2, a3)| + |E(D, a1, a2, a3)|,

we have |E(D)| ≡ |E∗(D)| (mod 4). So it remains to show that |E∗(D)| ≡ 2 (mod 4).

For i = 1, 2, 3, let x−i be the predecessor of xi on C and let bi = (x−i , xi). By
Lemma 2.2.3, we may assume that the cycle C is directed as in Figure 2.6. For
i = 1, 2, 3, let Ci be the unique directed cycle in C ∪ ai containing ai.

aRi

aj

ak

xi

xj

xk

bi

bj

bRk

Figure 2.7: Digraph Di

For (i, j, k) ∈ {(1, 2, 3), (2, 3, 1), (3, 1, 2)}, let Di = (D−Ci) ∪CR
i as in Figure 2.7

and let D′
i be obtained from Di by splitting away arcs bj, ak, aj and bRk as in Figure

2.8. Let x′i, x
′
j, x

′
k be the new vertices that result from the splitting. Then D′

i is an
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aRi

aj

ak

xi

xj

xk

bi

bj

bRk

x′i

x′j

x′k

Figure 2.8: Digraph D′
i

Eulerian digraph which has a decompsotion into a directed Hamiltonian cycle and
(n− 1) pairwise vertex disjoint triangles.

Since aj and ak share a degree 2 vertex, each Eulerian subdigraph H of D′
i either

contains both aj and ak, or contains neither of aj and ak. Hence

|E(D′
i)| = |E(D′

i, a
R
i , aj, ak)|+|E(D′

i, a
R
i , aj, ak)|+|E(D′

i, a
R
i , aj, ak)|+|E(D′

i, a
R
i , aj, ak)|.

Claim 2.5.4 For (i, j, k) ∈ {(1, 2, 3), (2, 3, 1), (3, 1, 2)},

|E(D′
i, a

R
i , aj, ak)| = |E(D, ai, aj, ak)|,

|E(D′
i, a

R
i , aj, ak)| = |E(D, ai, aj, ak)|,

|E(D′
i, a

R
i , aj, ak)| = |E(D′, bj, bk)| = |E(D′, bi, bj, bk)| + |E(D′, bi, bj, bk)|,

|E(D′
i, a

R
i , aj, ak)| = |E(D′, bj, bk)| = |E(D′, bi, bj, bk)| + |E(D′, bi, bj, bk)|.

Proof. For H ∈ E(D), let ϕ(H) = (H − Ci) ∪ (Ci −H)R. By Lemma 2.5.1, ϕ(H) ∈
E(D′

i). It is easy to see that ϕ is a one-to-one correspondence between E(D, ai, aj, ak)
and E(D′

i, a
R
i , aj, ak), and a one-to-one correspondence between E(D, ai, aj, ak) and

E(D′
i, a

R
i , aj, ak).

For H ∈ E(D′
i), ψ(H) = (H − CR

i ) ∪ (CR
i −H)R is a one-to-one correspondence

between E(D′
i, a

R
i , aj, ak) and E(D′, bj, bk), and ψ′(H) = ψ(H) − {ai, aj, ak} is a one-

to-one correspondence between E(D′
i, a

R
i , aj, ak) and E(D′, bj, bk).
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It follows from Claim 2.5.4 that

|E(D′
1)| + |E(D′

2)| + |E(D′
3)| = |E∗(D)| +m,

where

m =
∑
(i,j,k)

(
|E(D′, bi, bj, bk)| + |E(D′, bi, bj, bk)| + |E(D′, bi, bj, bk)| + |E(D′, bi, bj, bk)|

)
,

where the summation is over (i, j, k) ∈ {(1, 2, 3), (2, 3, 1), (3, 1, 2)}.

By induction hypothesis, |E(D′
i)| ≡ 2 (mod 4) and hence

|E(D′
1)| + |E(D′

2)| + |E(D′
3)| ≡ 2 (mod 4).

To prove that |E∗(D) ≡ 2 (mod 4), it remains to show that m ≡ 0 (mod 4).

By using the one-to-one correspondence ϕ : E(D′) → E(D′) defined as ϕ(H) =
D\H, we conclude that |E(D′, bi, bj, bk)| = |E(D′, bi, bj, bk)|. It follows that

|E(D′, bi, bj, bk)| + |E(D′, bi, bj, bk)| + |E(D′, bi, bj, bk)| + |E(D′, bi, bj, bk)|
= 2(|E(D′, bi, bj, bk)| + |E(D′, bi, bj, bk)|).

Therefore

m = 4(|E(D′, b1, b2, b3)| + |E(D′, b1, b2, b3)| + |E(D′, b1, b2, b3)|) ≡ 0 (mod 4).

This completes the proof of Lemma 2.5.3, and hence completes the proof of Theorem
??.

Theorem ?? was extended in [14], where it was proved that if k ≥ 4, and G is a
graph whose edge set can be decomposed into a Hamilton cycle and a family of vertex
disjoint complete graphs of order at most k, then G is k-colourable. A different proof
of Theorem 2.4.2 is given in [27].
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Chapter 3

Graph polynomial for
edge-weighted graphs

3.1 Arc-weighted orientation

Definition 3.1.1 An edge-weighted graph, denoted by (G,w), is a graph associated
with a weighting function w : E(G) → {1, 2, . . .} that assigns to each edge of G a
positive integer as its weight. An arc-weighted orientation of a graph G is a pair
(D,w) such that D is an orientation of G, and w : E(D) → {1, 2, . . .} is a mapping
that assigns to each arc of D a positive integer as its weight.

Equivalently, an arc-weighted orientation of G is an orientation of an edge-
weighted graph (G,w). The weight of an arc (u, v) is the weight of the edge uv,
and denoted by w(uv). The pair (D,w) is also called an arc-weighted digraph. Let

P(G,w)(xv : v ∈ V (G)) =
∏

(u,v)∈E(D)

(xw(uv)u − xw(uv)v ).

Note that if w(uv) = 1 for all uv ∈ E(G), then P(G,w) = PG. The definition of P(G,w)

depends on the orientation D of G. To indicate which orientation D is used in the
definition of P(G,w), we may write P(G,w) as P(D,w). Similarly, for any two orientations
D and D′ of G, we have P(D,w) = (−1)rP(D′,w), where r is the number of edges that
are oriented differently by D and D′.

Since for any positive integer k ≥ 2,

(xk − yk) = (x− y)(xk−1 + xk−2y + . . .+ yk−2x+ yk−1),

31
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we conclude that for any weight function w,

P(G,w)(xv : v ∈ V (G)) = PG(xv : v ∈ V (G)) · q

for some polynomial q ∈ R[xv : v ∈ V (G)] of degree
∑

e∈E(G)(w(e) − 1). For g ∈ NG,
let c(G,w),g be the coefficient of the monomial xg in the expansion of P(G,w), and let
cq,g be the coefficient of the monomial xg in the expansion of q. Then

c(G,w),g =
∑

g′≤g,
∑

v∈V (G) g(v)=|E|

cG,g′cq,(g−g′).

Therefore if c(G,w),g ̸= 0, then cG,g′ ̸= 0 for some g′ ∈ NG with g′(v) ≤ g(v) for all
v ∈ V (G).

Definition 3.1.2 Assume (D,w) is an arc-weighted orientation of G. For v ∈ V (G),
the out-degree of v in (D,w) is

d+(D,w)(v) =
∑

(v,u)∈E(D)

w(vu),

and the in-degree of v in (D,w) is

d−(D,w)(v) =
∑

(u,v)∈E(D)

w(uv).

Definition 3.1.3 We say (D,w) is called Eulerian if for every vertex v, d+(D,w)(v) =

d−(D,w)(v).

For a subset H of E(D), we denote by (H,w) the arc-weighted sub-digraph of
(D,w) induced by H.

Definition 3.1.4 Given an arc-weighted digraph (D,w), let

E(D,w) = {H ⊆ E(D) : (H,w) is Eulerian }.

Let

Ee(D,w) = {H ∈ E(D,w) : |H| ≡ 0 (mod 2)},
Eo(D,w) = {H ∈ E(D,w) : |H| ≡ 1 (mod 2)},

diff(D,w) = |Ee(D,w)| − |Eo(D,w)|.
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The same argument as the proof of Lemma 2.2.4 proves the following lemma.

Lemma 3.1.5 Assume (D,w) is an arc-weighted orientation of G. Let g(v) =
d+(D,w)(v) for each vertex v. Then

|c(G,w),g| = |diff(D,w)|.

Definition 3.1.6 An arc-weighted orientation (D,w) of G is called an Alon-Tarsi
orientation (AT-orientation for short) if diff(D,w) ̸= 0.

Note that an AT-orientation D of a graph G is an arc-weighted AT-orientation
(D,w) of G, with w(e) = 1 for each edge e of G. Thus we have the following lemma.

Lemma 3.1.7 Assume G is a graph and f ∈ NG. Then the following are equivalent.

1. G is f -AT.

2. G has an AT-orientation D such that d+D(v) < f(v) for each vertex v.

3. G has an arc-weighted AT-orientation (D,w) such that d+(D,w)(v) < f(v) for
each vertex v.

3.2 Acyclic arc-weighted orientation

We have observed that an acyclic orientation D is AT. Now we extend the concept
of acyclic orientation to acyclic arc-weighted orientation.

Definition 3.2.1 Assume (D,w) is an arc-weighted digraph. An arc (u, v) ∈ E(D)
is called a dominating arc if w(uv) > d+(D,w)(v). We say (D,w) is an acyclic arc-

weighted digraph if for any sub-digraph D′ of D with E(D′) ̸= ∅, (D′, w) has a
dominating arc.

If w(e) = 1 for all arcs e of D, then (D,w) is acyclic if and only if each non-empty
sub-digraph D′ of D contains a sink, which is equivalent to D be acyclic.

If (D,w) is an arc-weighted acyclic digraph, then (D,w) contains no non-empty
Eulerian arc-weighted sub-digraph, because if e = (u, v) is a dominating arc in (D′, w),
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then d+(D′,w)(v) < w(u, v) ≤ d−(D′,w)(v). So (D′, w) is not Eulerian. As the empty sub-
digraph is always an Eulerian arc-weighted sub-digraph, we conclude that an arc-
weighted acyclic orientation (D,w) of a graph G is an arc-weighted AT-orientation
of G.

The following lemma follows from the definition.

Lemma 3.2.2 An arc-weighted digraph (D,w) is acyclic if and only if its arcs can
be ordered as e1, e2, . . . , em such that ei is a dominating arc in (D−{e1, . . . , ei−1}, w).

Definition 3.2.3 Assume G is a graph and f ∈ NG. We G is arc-weighted strict
f -degenerate (“AW strict f -degenerate” for short) if G has an arc-weighted acyclic
orientation (D,w) such that d+(D,w)(v) < f(v) for all v ∈ V (G). The arc-weighted

strict degeneracy of G, denoted by sdAW(G), is the minimum integer k such that G
is arc-weighted strict k-degenerate.

As an acyclic orientation D of G is an arc-weighted acyclic orientation (D,w) with
w(e) = 1 for all edges e, we know that if G if strict f -degenerate, then G is AW strict
f -degenerate, and

sdAW(G) ≤ sd(G).

The converse is not true. For any r-regular graph G, we have sd(G) = r+1. Let P
be the Petersen graph. Then st(P ) = 4. The following is an arc-weighted orientation
(D,w) of P with d+(D,w)(v) ≤ 2 for all v ∈ V (G), and hence sdAW(P ) ≤ 3 < st(P ). It

is easy to check the equality sdAW(P ) = 3 holds.

Corollary 3.2.4 If G is AW strict f -degenerate, then G is f -AT, and hence f -
choosable. Hence for any graph G,

ch(G) ≤ AT (G) ≤ sdAW(G).

3.3 Degree AT graphs

It is obvious that for any graph G, col(G) ≤ ∆(G) + 1. Moreover if G is connected,
and G is not a regular graph, we have sd(G) ≤ ∆(G). However if G is a regular
graph, then sd(G) = ∆(G) + 1. Corollary 3.3.7 below shows that sdAW(G) ≤ ∆(G)
even if G is a regular graph, provided that G is neither a complete graph nor a cycle.

A graph G is called degree choosable if for any list assignment L for which |L(v)| =
dG(v) for every vertex v, then G is L-colourable. We say that G is degree AT if G is
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Figure 3.1: Arc-weighted acyclic orientation of the Petersen graph, where w(e) = 1
for a black arc and w(e) = 2 for a red arc. For each i, ei is a dominating arc in
D − {e1, . . . , ei−1}.

f -AT for f(v) = dG(v) for every vertex v of G. We say that G is AW strict degree
degenerate if G is AW strict f -degenerate for f(v) = dG(v) for every vertex v of G.

It follows from the discussion above that if G is AW strict degree degenerate, then
G is degree AT; if G is degree AT, then G is degree-choosable. We shall characterize
all graphs that degree-choosable, show that they are also degree AT. So degree AT
and degree-choosable are equivalent. There is a slight difference between AW strict
degree degenerate and degree-choosable.

Lemma 3.3.1 Assume G is obtained from the disjoint union of two connected graphs
G1 and G2, by identifying one vertex v1 ∈ V (G1) and one vertex v2 ∈ V (G2). Then
G is not degree-choosable (respectively, not degree AT, or not AW strict degree de-
generate) if and only if each Gi is not degree-choosable (respectively, not degree AT,
or not AW strict degree degenerate).

Proof. Assume first that each Gi is not degree-choosable. Let Li be a list assignment
of Gi such that |Li(V )| = dGi

(v) for v ∈ V (Gi) and Gi is not Li-colourable. By
renaming the colours, if needed, we may assume that L1(v1) ∩ L2(v2) = ∅. Let v∗

be the identification of v1 and v2 in G. Let L(v) = Li(v) if v ∈ V (Gi) − {vi} and
L(v∗) = L1(v1) ∪ L2(v2). Since dG(v∗) = dG1(v1) + dG2(v2), |L(v)| = dG(v) for each
vertex v of G.

Now we show that G is not L-colourable. Assume to the contrary that ϕ is an



36 CHAPTER 3. GRAPH POLYNOMIAL FOR EDGE-WEIGHTED GRAPHS

L-colouring of G. Then ϕ(v∗) ∈ Li(vi) for some i ∈ {1, 2}, and hence the restriction
of ϕ to Gi is an Li-colouring of Gi, a contradiction.

Next we assume that one of G1, G2 is degree-choosable, say G2 is degree choosable.
Assume L is a degree-assignment of G. We order the vertices of G1 as u1, u2, . . . , un
so that un = v1 and each ui has at least one neighbour uj with j > i. We greedily
colour the vertices of G1 − {v1} in this order. As L(ui) = dG(ui) and ui has at least
one uncoloured neighbour, all the vertices of G1 − {v1} can be coloured.

Let ϕ be the L1-colouring of G1−{v1}. Let L′(v∗) = L(v∗)−{ϕ(u) : u ∈ NG1(v1)}.
Then |L′(v)| ≥ dG2(v) for each vertex v of G2. Since G2 is degree-choosable, G2 has
an L′-colouring ψ. The union ϕ ∪ ψ is an L-colouring of G.

Assume G is AW strict degree degenerate, and (D,w) is an arc-weighted acyclic
orientation of G with d+(D,w)(v) < dG(v) for all v ∈ V (G). Let Di be the restriction of

D to Gi. Then for some i ∈ {1, 2}, d+(Di,w)
(v) < dGi

(v). Hence Gi is AW strict degree
degenerate.

Conversely, assume G1 or G2, say G2, is AW strict degree degenerate, and (D2, w2)
is an arc-weighted acyclic orientation of G2 with d+(D2,w2)

(v) < dG2(v) for all v ∈
V (G2). Let D1 be an acyclic orientation of G1 in which v1 is the unique source.
Let D = D1 ∪ D2, and let w(e) = w2(e) if e ∈ E(G2) and w(e) = 1 if e ∈ E(G1).
Then (D,w) is an arc-weighted acyclic orientation of G with d+(D,w)(v) < dG(v) for all

v ∈ V (G).

The conclusion on degree AT is proved similarly and omitted.

By Lemma 3.3.1, to characterize degree-choosable graph (or degree AT graphs
or AW strict degree degenerate graphs), it sufficces to consider the case that G is
2-connected.

As χ(Kn) = n = ∆(Kn) + 1 and χ(C2k+1) = 3 = ∆(C2k+1) + 1, we know that
complete graphs and odd cycles are not degree-choosable, and hence not degree AT
and not AW strict degree degenerate. Even cycles are degree AT and hence degree
choosable, but not AW strict degree degenerate.

Definition 3.3.2 We call a 2-connected graph G trivial if G is a complete graph or
a cycle. A minimal non-trivial 2-connected graph is a non-trivial 2-connected graph
G such that any proper induced subgraph of G is either not 2-connected or is a trivial
2-connected graph.

Definition 3.3.3 A theta graph is a graph consisting three paths connecting two
vertices. If the three paths have lengths k1, k2, k3, then it is denoted by θk1,k2,k3.
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Recall that the length of a path is the number of edges in the path. Thus θ1,2,2 is
the graph obtained from K4 by deleting one edge (which is often denoted by K−

4 ).

The following lemma is easy and its proof is left as an exercise.

Lemma 3.3.4 If G is a minimal non-trivial 2-connected graph, then G = θk1,k2,k3 for
some positive integers k1, k2, k3.

As G is a simple graph, we may assume that k2, k3 ≥ 2.

The following lemma is also easy and its proof is left as an exercise.

Lemma 3.3.5 If G is a minimal non-trivial 2-connected graph, then G contains an
edge uv such that dG(u) = 3, dG(v) = 2 and there is a orientation D of D in which
(u, v) ∈ E(D) and D−{(u, v)} is acyclic, with u be a sink and v be the unique source.

Assume G is a minimal non-trivial 2-connected graph. Let D be the orientation of
G as described in Lemma 3.3.5. Let w be the weight assignment such that w(uv) = 2
and w(e) = 1 for all other edges of G. Then (D,w) is arc-weighted acyclic, and
d+(D,w)(w) < dG(w) for w ∈ V (G). So G is AW strict degree degenerate. The following
lemma says that the conclusion applies to all non-trivial 2-connected graphs.

Lemma 3.3.6 If G is a non-trivial 2-connected graph, then G is AW strict degree
degenerate.

Proof. Assume G is a non-trivial 2-connected graph. Then G has an induced sub-
graph H which is minimal non-trivial 2-connected. Let (D′, w′) be the arc-weighted
acyclic orientation of H with d+(D′,w′)(w) < dH(w) for all w ∈ V (H).

Let D′′ be an acyclic orientation of G − E(H), in which vertices in V (H) are
sources, and no other vertex is a source. Let D = D′ ∪ D′′, and let w(e) = 1 for
all the edges of G, except that w(uv) = 2. It is easy to verify that (D,w) is an arc-
weighted acyclic orientation of G with d+(D,w)(w) < dG(w) for each vertex w. Therefore
G is AW strict degree degenerate, and hence degree AT, as well as degree choosable.

A connected graph G is called a Gallai tree (respectively, a GDP-tree) if every
block of G is either a complete graph or an odd cycle (respectively, every block of G
is either a complete graph or a cycle).

The following corollary follows from the discussion above.
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Figure 3.2: A Gallai tree

Corollary 3.3.7 Assume G is a connected graph. Then the following are equivalent:

1. G is not degree choosable.

2. G is not degree AT.

3. G is a Gallai-tree.

Moreover, G is not AW strict degree degenerate if and only if G is a GDP-tree.

3.4 Arc-weighted acyclic orientation of planar

graphs

Definition 3.4.1 A planar graph is a graph that can be embedded in the plane, i.e.,
it can be drawn on the Euclidean plane R2 in such a way that its edges intersect only
at their endpoints. In other words, it can be drawn in such a way that no edges cross
each other.

A drawing of a planar graph in the plane in which no two edges cross each other
is called a plane graph, or a planar embedding of the graph. So a plane graph G is a
subset of R2, each vertex v of G is a point in R2, and each edge e = uv is a curve in
R2 with end points u and v. These curves only intersects at their end points.

Definition 3.4.2 Assume G is a plane graph. The connected components of R2 −G
are the faces of G.
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For a plane graph G, we denote by V (G), E(G), F (G) the sets of vertices, edges
and faces, respectively. The following Euler formula can be easily proved by induction
on the number of edges.

Proposition 3.4.3 Assume G is a connected plane graph. Then

|V (G)| − |E(G)| + |F (G)| = 2.

It follows from Euler formula that every simple planar graph G has a vertex of
degree at most 5. I.e., G is strict 6-degenerate. Therefore

χ(G) ≤ ch(G) ≤ AT (G) ≤ 6.

The famous Four Colour Theorem says that every planar graph G has χ(G) ≤ 4.
However, there are planar graphs that are not 4-choosable. The following example is
modified from an example given by Choi and Kwon [7].

Theorem 3.4.4 There exists a non-4-choosable planar graph.

Proof. Let H be the graph, and L, the list asignment of H as given in Figure 3.3.

u

v

x1 x2

x3

x4 x5

x6

x7

Figure 3.3: The graph H with list assignment L defined as L(u) = {1}, L(v) = {2},
L(x1) = {1, 2, 3, 4}, L(x4) = {1, 2, 4, 5}, L(x2) = {1, 3, 4, 5}, L(x3) = {2, 3, 4, 5},
L(x5) = {1, 3, 4, 5}, L(x6) = {2, 3, 4, 5}, L(x7) = {1, 2, 3, 5}
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First we show that H is not L-colorable. Assume to the contrary that ϕ is an
L-coloring of H. Since ϕ(u) = 1 and ϕ(v) = 2, we conclude that ϕ(x4) ∈ {4, 5}.
If ϕ(x4) = 5, then each of the three vertices in the triangle {x1, x2, x3} needs to be
coloured by colors 3 and 4, a contradiction. If ϕ(x4) = 4, then each of the three
vertices in the triangle {x5, x6, x7} needs to be coloured by colors 3 and 5, again a
contradiction.

Now let G be the planar graph obtained from K4 by adding, for every ordered
pair of vertices (x, y) of K4, a copy of H, identifying u with x and identifying v with
y. Let L(x) = {1, 2, 3, 4} for each vertex x of K4, and for each copy of H and for
each x ∈ V (H) − {u, v}, let L(x) be as defined above. Then L is a 4-list assignment
of G. Assume that ϕ is an L-coloring of G. Then one ordered pair of vertices of K4

is coloured by 1 and 2. But such a coloring cannot be extended to an L-coloring of
the copy of H associated with this pair of vertices. So G is not L-colorable.

This non-4-choosable planar graph has 88 vertices. The smallest known non-4-
choosable planar graph, due to Mirzakhani [26], has 63 vertices.

Since G is not 4-choosable, we have AT (G) ≥ 5. The following theorem shows
that AT (G) ≤ 5 for every planar graph G.

Theorem 3.4.5 [37] If G is a planar graph, then ch(G) ≤ AT (G) ≤ staw(G) ≤ 5.

Theorem 3.4.5 is a consequence of the following more technical result.

Assume G is a plane graph and v1v2 is a boundary edge of G. Let fG,v1v2 ∈ NG

be defined as follows:

fG,v1v2(v) =


1, if v ∈ {v1, v2},
3, if v is a boundary vertex and v /∈ {v1, v2},
5, otherwise.

Theorem 3.4.6 Assume that G is a plane graph and v1v2 is a boundary edge of G.
Then G− v1v2 arc-weighgted strict fG,v1v2-degenerate.

Proof. We prove the theorem by induction on the number of vertices. If |V (G)| ≤ 3,
then this can be easily verified. Assume |V (G)| = n ≥ 4, and the theorem holds for
plane graphs with fewer vertices.

If G has a cut vertex w, then let G1, G2 be induced subgraphs of G with V (G1)∩
V (G2) = {w} and V (G1) ∪ V (G2) = V (G). Assume that v1v2 ∈ E(G1). Let u
be a boundary neighbour of w in G2. By the minimality of G, G1 − v1v2 has an
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arc-weighted acyclic orientation (D1, w1) such that d+(D1,w1)
(v) < fG1,v1v2(v) for each

vertex v of G1, and G2 − uw has an arc-weighted acyclic orientation (D2, w2) such
that d+(D2,w2)

(v) < fG2,uw(v) for each vertex v of G2.

Let D be obtained from D1 ∪ D2 by adding the arc (u, v), and let w(e) = wi(e)
if e ∈ E(Gi) − {uw} and w(uw) = 1. Since d+(D2,w2)

(w) = 0, we conclude that

d+(D,w)(v) < fG,v1v2(v) for each vertex v of G.

Now we show that (D,w) is acyclic. Let D′ be a non-empty subdigraph of D.
If D′ contains an edge of G1, then let D′

1 = D ∩ D1. By the choice of (D1, w1), D
′
1

contains a dominating arc e. Since w(e) = w1(e) and d+(D′,w)(v) = d+(D′
1,w1)

(v) for each

vertex v of G1, we conclude that e is a dominating arc of (D′, w).

Assume D′ contains no edge of G1. If (u,w) ∈ E(D′), then since d+(D′,w)(w) = 0,

(u,w) is a dominating arc of (D′, w). Otherwise, D′ is a sub-digraph of D2, and
d+(D′,w)(v) = d+(D′,w2)

(v) for each vertex of G2. By our choice of (D2, w2), (D′, w) has

a dominating arc. Therefore (D,w) is indeed an arc-weighted acyclic digraph and
G− v1v2 is arc-weighted strict fG,v1v2-degenerate.

Thus we may assume that G is 2-connected and the boundary of G is a simple
cycle BG = (v1, v2, . . . , vn).

If BG has a chord vivj, then let G1, G2 be the two induced subgraphs with
v1v2 ∈ G1, V (G1) ∩ V (G2) = {vi, vj} and V (G1) ∪ V (G2) = V (G)). By the in-
duction hypothesis, G1 − v1v2 has an arc-weighted acyclic orientation (D1, w1) with
d+(D1,w1)

(v) < fG1,v1v2(v) for each vertex v of G1, and G2 − vivj has an arc-weighted

acyclic orientation (D2, w2) with d+(D2,w2)
(v) < fG2,vivj(v) for each vertex v of G2. Let

D = D1∪D2 and w(v) = w1(v) if v ∈ V (G1), and w(v) = w2(v) if v ∈ V (G2)−{vi, vj}.
The same argument as above shows that (D,w) is an arc-weighted acyclic orientation
of G− v1v2 with d+(D,w)(v) < fG,v1v2(v) for each vertex v of G.

Assume that G has no chord. Let G′ = G− vn. Let v1, u1, u2, . . . , uk, vn−1 be the
neighbours of vn. By induction hypothesis, G′ − v1v2 has a an arc-weighted acyclic
orientation (D′, w′) with d+(D′,w′)(v) < fG′,v1v2(v) for each vertex of G′. Let D be

obtained from D′ by adding the arcs (vn, v1), (vn, vn−1) and (ui, vn) for i = 1, 2, . . . , k.
Let w(e) = w′(e) for edges e of G′ and w(vnv1) = w(vnvn−1) = 1 and w(uivn) = 2 for
i = 1, 2, . . . , k.

It follows easily from the definition and induction hypothesis that d+(D,w)(v) <

fG,v1v2(v) for each vertex v of G.

Now we show that (D,w) is acyclic. Let D′′ be a non-empty sub-digraph of D. If
(vn, v1) ∈ E(D′′), then (vn, v1) is a dominating arc, as d+(D′′,w)(v1) = 0.
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Assume (vn, v1) ̸∈ E(D′′). If (ui, vn) ∈ E(D′′) for some i ∈ {1, 2, . . . , k}, then
(ui, vn) is a dominating arc, as w(uivn) = 2 and d+(D′′,w)(vn) ≤ 1.

Assume (ui, vn) ̸∈ E(D′′) for all i = 1, 2, . . . , k. If E(D′′) ∩ E(D′) ̸= ∅, then
(D′ ∩ D′′, w′) has a dominating arc, which is also a dominating arc of (D′′, w) (as
d+(D′′,w)(v) = d+(D′′∩D′,w′)(v) for each vertex v of G′). Otherwise, (vn, vn−1) is a domi-

nating arc.

3.5 Defective list colouring of planar graphs

A d-defective colouring of a graph G is a colouring of the vertices of G such that each
colour class induces a subgraph of maximum degree at most d. Thus, a 0-defective
colouring of G is simply a proper colouring of G, while in a 1-defective colouring, a
matching is allowed as a set of non-properly coloured edges. We say G is d-defective
k-colourable if there is a d-defective colouring of G using a total number of k colours.

Given a k-list assignment L of G, a d-defective L-colouring of G is a d-defective
colouring c of G with c(v) ∈ L(v) for every vertex v of G. A graph G is d-defective
k-choosable if for any k-list assignment L of G, there exists a d-defective L-colouring
of G. Clearly, every d-defective k-choosable graph is d-defective k-colourable. The
converse is not true.

It was proved by Cowen, Cowen and Woodall in [8] that every planar graph
is 2-defective 3-colourable, and every outerplanar graph is 2-defective 2-colourable.
Eaton and Hull [12], and Škrekovski [32] independently extended these results to list
colouring, and showed that every planar graph is 2-defective 3-choosable, and every
outerplanar graph is 2-defective 2-choosable. Cushing and Kierstead [9] proved that
every planar graph is 1-defective 4-choosable. The result of Eaton and Hull and
Škrekovski, and the result of Cushing and Kierstead can be formulated as follows:

Assume that G is a planar graph. For any 3-list assignment L of G, there is a
subgraph H of G with ∆(H) ≤ 2 such that G− E(H) is L-colourable; For any 4-list
assignment L of G, there is a subgraph H of G with ∆(H) ≤ 1 such that G− E(H)
is L-colourable.

The subgraph H of G depends on the list assignment L. It is natural to ask
whether one can choose a subgraph H of G independent of the list assignment L. In
other words, we have the following questions:

Question 3.5.1 Does every planar graph G have a subgraph H with ∆(H) ≤ 2 such
that G\E(H) is 3-choosable?
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Question 3.5.2 Does every planar graph G have a subgraph H with ∆(H) ≤ 1 such
that G\E(H) is 4-choosable?

It turns out that the answer to Question 3.5.1 is negative, and the answer to
Question 3.5.2 is positive.

A planar graph G for which G\E(H) is not 3-choosable for any subgraph H of G
with ∆(H) ≤ 3 was given in [6]. In the next section, we present a postive answer to
Question 3.5.2.

3.6 Planar graph minus a matching

Next we show that Question 3.5.2 has a positive answer.

Theorem 3.6.1 Every planar graph G contains a matching M such that
AT (G\M) ≤ 4.

Theorem 3.6.1 was proved in [16], where the proof is a direct calculation of the
coefficient of a certain monomial in the expansion of fG(x). Here we present a proof
which is basically the same as the proof of Theorem 3.4.5, except that the technical
statement is different.

Definition 3.6.2 Assume that G is a plane graph, e = v1v2 is a boundary edge of
G, and M is a matching in G containing e. An orientation D of G\M is nice for
(G, e,M) if the following conditions hold:

1. D is an AT-orientation.

2. d+D(v1) = d+D(v2) = 0.

3. d+D(v) ≤ 2 − dM(v) for every other boundary vertex v.

4. d+D(v) ≤ 3 for each interior vertex v.

Notice that dM(v) = 1 if v is covered by M , and dM(v) = 0 otherwise.

Theorem 3.6.1 follows from Theorem 3.6.3 given below.

Theorem 3.6.3 Assume that G is a plane graph and e = v1v2 is a boundary edge of
G. Then G has a matching M containing e such that there exists a nice orientation
D for (G, e,M).
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Proof. Assume that the theorem is false and G is a minimum counterexample.

If G has a cut-vertex v, then let G1, G2 be two subgraphs of G separated by v,
i.e., V (G1) ∩ V (G2) = {v} and V (G1) ∪ V (G2) = V (G). Assume v1v2 ∈ E(G1).
Let e′ = vu be a boundary edge of G2 incident to v. Then G1 has a matching M1

containing e such that there exists a nice orientation D1 for (G1, e,M1), and Then
G2 has a matching M2 containing e such that there exists a nice orientation D′

2 for
(G2, e

′,M2). Let M = M1 ∪ (M2) − {e′}), D2 be obtained from D′
2 by adding arc

(u, v). Then M is a matching in G, and by Lemma 2.2.13, D is a nice orientation for
(G, e,M).

If B(G) has a chord e′ = vu, then let G1, G2 be two subgraphs of G separated by
vu, i.e., V (G1)∩V (G2) = {v, u} and V (G1)∪V (G2) = V (G). Assume v1v2 ∈ E(G1).
Then G1 has a matching M1 containing e such that there exists a nice orientation D1

for (G1, e,M1), and Then G2 has a matching M2 containing e such that there exists
a nice orientation D2 for (G2, e

′,M2). Let M = M1 ∪ (M2) − {e′}). Then M is a
matching in G, and by Corollary 2.2.11, D is a nice orientation for (G, e,M).

Assume G has no cut-vertex and the boundary cycle BG of G has no chord.

Let G′ = G−vn. Let v1, u1, u2, . . . , uk, vn−1 be the neighbours of vn. By induction
hypothesis, G′ has a matching M ′ such that (G′, e,M ′) has a nice orientation D′. Let
D be obtained from D′ by adding arcs (vn, v1) and (vn, vn−1) and arcs ai = (ui, vn) for
i = 1, 2, . . . , k. If D is an AT-orientation, then it is a nice orientation for (G, e,M ′)
and we are done.

Assume that D is not an AT-orientation. For i = 1, 2, . . . , k, E(D, ai) is the set of
Eulerian subdigraphs H of D which contains the arc ai = (ui, vn). Then

Ee(D) = Ee(D′) ∪
k⋃
i=1

Ee(D, ai), and Eo(D) = Eo(D′) ∪
k⋃
i=1

Eo(D, ai).

Moreover the unions are disjoint unions. So

|Ee(D)| = |Ee(D′)| +
k∑
i=1

|Ee(D, ai)|, and |Eo(D)| = |Eo(D′)| +
k∑
i=1

|Eo(D, ai)|.

Now |Ee(D)| = |Eo(D)| and |Ee(D′)| ≠ |Eo(D′)| imply that |Ee(D, ai)| ≠ |Eo(D, ai)| for
some i ∈ {1, 2, . . . , k}.

Assume that |Ee(D, ai)| ̸= |Eo(D, ai)|, where i ∈ {1, 2, . . . , k}. Then D has a
directed cycle C containing ai. If d+D(ui) ≤ 1, then let D′′ be obtained from (D−C)∪
CT by reversing the arc aRi (thus the edge uivn is oriented as (ui, vn) in D′′). The
same argument as in the proof of Theorem 3.4.5 shows that D′′ is an AT-orientation.
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As d+D′′(ui) = d+D(ui) + 2 ≤ 3, D′′ satisfies the out-degree conditions of being a nice
orientation for (G, e,M ′), and hence D′′ is indeed a nice orientation for (G, e,M ′).
Otherwise d+D(ui) = 2. As d+D(ui) ≤ 2 − dM ′(ui), we conclude that dM ′(ui) = 0,
i.e., ui is not covered by M ′. Let M = M ′ ∪ {uivn}. Then M is a matching in G
containing e. Let D′′ be obtained from (D − C) ∪ CT by deleting the arc aRi . Then
d+D′′(ui) = d+D(ui) + 1 = 3, and hence D′′ satisfies the out-degree conditions of being a
nice orientation for (G, e,M). Again, the same argument as in the proof of Theorem
3.4.5 shows that D′′ is an AT-orientation. Hence D′′ is indeed a nice orientation for
(G, e,M).
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Chapter 4

Interpolation formula

4.1 Coefficient of a highest degree monomial

The coefficient of a highest degree monomial in the expansion of a polynomial
f(x1, x2, . . . , xn), which is crucial when we invoke CNS, can be expressed by means of
an interpolation of f at appropriate sets of points. This chapter explores applications
of such interpolation formulas.

Assume that f(x) ∈ F[x1, x2, . . . , xn] is a polynomial over F, with degree deg f ≤
d1 + d2 + . . . + dn. Uwe Schauz [29] and independently Micha l Lasoń [?] proved a
strengthening of CNS, which shows that the coefficient of the monomial

∏n
i=1 x

di
i in

the expansion of f can be written as an interpolation of its values on any grid of size
(d1, d2, . . . , dn).

Let S := S1×S2×· · ·×Sn, where each Si is a subset of F. For a := (a1, a2, . . . , an) ∈
S, let

NS(a) =
n∏
i=1

∏
b∈Si−{ai}

(ai − b).

We may think of NS(a) as a normalizing factor w.r.t. a. Let

χa(x) = NS(a)−1

n∏
i=1

∏
b∈Si−{ai}

(xi − b).

Then χa vanishes at all points of the grid S, except that χa(a) = 1.

Theorem 4.1.1 Assume that f(x) ∈ F[x1, x2, . . . , xn] is a polynomial over F, S :=
S1 × S2 × · · · × Sn is an n-dimensional grid over F, ti = |Si| − 1, t = (t1, t2, . . . , tn),

47
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and deg f ≤
n∑
i=1

ti. Then the coefficient cf,t of the monomial
∏n

i=1 x
ti
i in the expansion

of f(x) is given by

cf,t =
∑
a∈S

NS(a)−1f(a).

Proof. Let

p(x) =
∑
a∈S

χa(x)f(a).

By definition, p(x) is a polynomial of degree
∑n

i=1 ti, and it is easy to see that cχa,t =
NS(a)−1, and hence cp,t =

∑
a∈SNS(a)−1f(a). Since χa(x) = 1 if x = a and χa(x) = 0

if x ∈ S−{a}, we have p(a) = f(a) for a ∈ S. Thus f−p is a polynomial of degree at
most

∑n
i=1 ti, and (f − p)(a) = 0 for all a ∈ S. As |Si| = ti + 1 for i = 1, 2, . . . , n, by

Theorem 1.2.1, the coefficient of
∏n

i=1 x
ti
i in f − p is cf−p,t = cf,t− cp,t = 0. Therefore

cf,t = cp,t =
∑
a∈S

NS(a)−1f(a).

4.2 Calculation of NS(a)

To apply Theorem 4.1.1, we need to calculate NS(a) for all a ∈ S. This seems to
be a nontrivial task. However, in some cases, we have simple formulas for NS(a).
Lemma 4.2.1 below, proved in [29], shows that for some special sets S, there is a
simple formula for

∏
b∈S−{a}(a− b).

For subset S of F, let fS(x) =
∏

b∈S(x− b). Then NS(a) =
∏n

i=1 fSi−{ai}(ai). The
following lemma gives formulas for fS−{a}(a) for some special sets S.

Lemma 4.2.1 Assume that F is a field. For a positive integer k, let Rk = {c ∈ F :
ck = 1} be the set of kth roots of unity in the field F. Assume that |Rk| = k.

1. If S = Rk, then for a ∈ S, fS−{a}(a) = ka−1. In particular, if Rk ∪ {0} is a
finite subfield of F, then fS−{a}(a) = −a−1.

2. If S = Rk ∪ {0}, then for a ∈ S − {0}, fS−{a}(a) = k1, and fS−{0}(0) = −1.

3. If S is a subfield of F, then for a ∈ S, fS−{a}(a) = −1.
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4. If S = {0, 1, . . . , d}, then for a ∈ S, fS−{a}(a) = (−1)d+ad!
(
d
a

)−1
.

Proof. (1) Since

fRk
(x) =

∏
b∈Rk

(x− b) = xk − 1 = (x− 1)(xk−1 + xk−2 + . . .+ x0),

we conclude that fRk−{1}(x) = fRk
(x)/(x−1) = xk−1+xk−2+. . .+x0 and fRk−{1}(1) =

k.

For a ∈ Rk, aRk = {ba : b ∈ Rk} = Rk and a(Rk − {1}) = Rk − {a}. Hence
fRk−{a}(a) = fa(Rk−{1})(a) =

∏
b∈Rk−{1}(a− ab) = ak−1fRk−{1}(1) = kak−1 = ka−1. If

Rk ∪ {0} is a finite subfield Fpt of F, then |Rk| = k = pt − 1 = −1 (mod pt), and
hence fRk−{a}(a) = −a−1. This proves (1).

(2) If S = Rk ∪ {0}, then for a ∈ S − {0}, fS−{a}(a) = afRk−{a}(a). By (1)
fRk−{a}(a) = ka−1. Hence fS−{a}(a) = k. As fS−{0}(x) = fRk

(x) = xk − 1, we have
fS−{0}(0) = −1.

(3) If S is a finite subfield Fpt of F, then S = Rk ∪ {0} for k = pt − 1 = −1 and
the conclusion follows from (2).

(4) Plug in the values in the definition of fS−{a}(a), we have

fS−{a}(a) =

( ∏
0≤b<a

(a− b)

) ∏
a<b≤d

(a− b) = a!(d− a)!(−1)d−a = (−1)d+ad!

(
d

a

)−1

.

Corollary 4.2.2 Assume that F is a finite field of order q, f(x) ∈ F [x1, x2, . . . , xn]
and deg f ≤ n(q − 1). Let t = (q − 1, q − 1, . . . , q − 1). Then

cf,t = (−1)n
∑
a∈Fn

f(a).

Proof. By (3) of Lemma 4.2.1, for S = Fn, we have Ns(a) = (−1)n for every a ∈ S.

Corollary 4.2.3 Assume that f(x) ∈ F[x1, x2, . . . , xn] is a polynomial over F, and
di ≥ 0 are integers such that deg f ≤

∑n
i=1 di. Let d = (d1, d2, . . . , dn). Then the

coefficient of the monomial
∏n

i=1 x
di
i in the expansion of f is

cf,d =

(
n∏
i=1

di!

)−1 d1∑
a1=0

· · ·
dn∑
an=0

(−1)d1+a1
(
d1
a1

)
· · · (−1)dn+an

(
dn
an

)
f(a1, . . . , an).
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In particular, if di = d for all i, then the coefficient of the monomial
∏n

i=1 x
d
i in the

expansion of f is

cf,d = (d!)−n
∑
σ

(
n∏
i=1

(−1)d+σ(xi)
(

d

σ(xi)

))
f(σ),

where the summation is over all mappings σ : {x1, x2, . . . , xn} → {0, 1, . . . , d} and
f(σ) is the evaluation of f at σ(xi) for i = 1, 2, . . . , n.

Proof. For Si = {0, 1, . . . , di}, 1 ≤ i ≤ n, and S = S1 ×S2 × . . .×Sn, it follows from
(4) of Lemma 4.2.1 that NS(a) =

∏n
i=1

1
di!

(−1)di−ai
(
di
ai

)
for a ∈ S.

Corollary 4.2.3 is a classical result, proved before Theorem 4.1.1. Below is a simple
direct proof of this corollary given in [30].

An alternative proof of Corollary 4.2.3

Let S =
∑s1

a1=0 . . .
∑sn

an=0(−1)s1+a1
(
s1
a1

)
· · · (−1)sn+an

(
sn
an

)
f(a1, . . . , an). By linear-

ity, it suffices to show that equality holds when f(x1, x2, . . . , xn) =
∏n

i=1 x
ti
i is a

monomial. Assume that f(x1, x2, . . . , xn) =
∏n

i=1 x
ti
i . Then

cf,s =

{
1, if s = t,

0, otherwise.

So we need to show that S =
∏n

i=1 si! if s = t and S = 0 if s ̸= t. Plugging in the
formula f(x1, x2, . . . , xn) =

∏n
i=1 x

ti
i into the definition of S, we have

S =

s1∑
a1=0

. . .
sn∑

an=0

(−1)s1+a1
(
s1
a1

)
· · · (−1)sn+an

(
sn
an

) n∏
i=1

atii

=
n∏
i=1

(
si∑
j=0

(−1)si+j
(
si
j

)
jti

)
.

By inclusion-exclusion principle,
∑si

j=0(−1)si+j
(
si
j

)
jti counts the number of onto map-

pings from a ti-set to an si-set. If si = ti for all i, then S =
∏n

i=1 si!. Otherwise,
ti < si for some i, and S = 0.

4.3 Alon-Tarsi number of K2⋆n and cycle powers

In this section, we use Corollary 4.2.3 to calculate the coefficient of some monomials
in graph polynomial.
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We have sketched a proof of the result that AT (K2⋆n) = n in Chapter 2 (Theorem
??). In this section, we present a full proof of this theorem using the interpolation
formula, which first appeared in [17].

An alternative proof of Theorem ??: Let G = K2⋆n. Let V1, V2, . . . Vn be the
partite sets of G, with Vi = {ui, vi}. Since deg fG = 2n(n− 1), to prove Theorem ??,
it suffices to show that the monomial

∏
v∈V (G) x

n−1
v , which is of degree 2n(n − 1), is

non-vanishing. By Corollary 4.2.3, this is equivalent to showing that∑
σ

∏
v∈V (G)

(−1)n−1+σ(v)

(
n− 1

σ(v)

)
fG(σ) ̸= 0

where the summation is over all mappings σ : V (G) → {0, 1, . . . , n−1}. However, if σ
is not a proper coloring of G, then fG(σ) = 0. Hence we may restrict the summation
to proper colorings σ of G with color set {0, 1, . . . , n−1}. As G is uniquely n-colorable,
all the proper colorings σ of G are of the form σπ(ui) = σπ(vi) = π(i), where π is a
permutation of {0, 1, . . . , n− 1}. For each i ∈ {0, 1, . . . , n− 1}, there are exactly two
vertices of color i. So we conclude that

∏
v∈V (G)

(−1)n−1+σ(v)

(
n− 1

σ(v)

)
=

n−1∏
i=0

(
n− 1

i

)2

.

Also, if π′ is obtained from π by interchanging colors i, j, then fG(σπ′) is obtained
from fG(σπ) by changing (i − j)4 to (j − i)4. Hence fG(σ) is a nonzero constant (it
does not depend on σ). Therefore

∑
σ

∏
v∈V (G)(−1)n−1+σ(v)

(
n−1
σ(v)

)
fG(σ) ̸= 0.

This completes the proof of Theorem ??.

Given a graph G and a positive integer k, the power Gk is the graph with vertex set
V (G) in which two distinct vertices u and v are adjacent if and only if dG(u, v) ≤ k.
Disproving a conjecture of Kostochka and Woodall [24], Kim and Park [22, 21] proved
that there are graphs G for which χ(G2) < ch(G2). Furthermore, Kosar, Petrickova,
Reiniger and Yeager [23] and Kim, Kwon and Park [20] proved independently that
for any positive integer k, there is a graph G with χ(Gk) < ch(Gk). Nevertheless, if G
is a cycle, then for any k, the Alon-Tarsi number of Gk equals its chromatic number
and hence χ(Gk) = ch(Gk).

Theorem 4.3.1 For any cycle Cn and for any positive integer k, AT (Ck
n) = χ(Ck

n).

First we calculate the chromatic number of Ck
n. It turns out that it is easier to

determine its circular chromatic number.
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A (k, d)-coloring of a graph G is a mapping c : V (G) → {0, 1, . . . , k−1} such that
for any edge uv of G, d ≤ |c(u) − c(v)| ≤ k − d. The circular chromatic number of G
is χc(G) = min{k/d : G has a (k, d)-coloring} [38]. As a (k, 1)-coloring of G is simply
a k-coloring of G, we have χc(G) ≤ χ(G). On the other hand, for any (k, d)-coloring
c of G, the mapping ϕ(v) = ⌊c(v)/d⌋ is a ⌈k

d
⌉-coloring of G. So for any graph G,

χ(G) = ⌈χc(G)⌉.

Assume that c is a (k, d)-coloring of G. For i = 0, 1, . . . , k−1, let Xi = {v : c(v) ∈
{i, i + 1, . . . , i + d− 1}}, here the summations are taken modulo k. Then each Xi is
an independent set of G and hence |Xi| ≤ α(G). On the other hand, each vertex of
v is contained in d of the sets Xi. So

d|V (G)| =
k−1∑
i=0

|Xi| ≤ kα(G).

Hence k/d ≥ |V (G)|/α(G).

Suppose now G = Ck
n with vertex set V (G) = {v1, v2, . . . , vn}, in which vivj is an

edge if |i− j| ≤ k or |i− j| ≥ n− k. Assume that n = q(k+ 1) + p, where 0 ≤ p ≤ k.

Every set of k + 1 consecutive vertices of Ck
n induces a complete graph Kk+1

and hence contains at most one vertex of an independent set. Therefore G has
independence number q and hence χc(G) ≥ n/q. On the other hand, if c(vi) = iq
(mod n), then c is an (n, q)-coloring of G. Indeed, if vi ∼ vj and i < j, then j− i ≤ k
or j − i ≥ n− k. Hence q ≤ |c(vj)− c(vi)| ≤ n− q. Thus we have χc(G) = n/q. So if
n = q(k + 1) + p where 0 ≤ p ≤ k, then

χ(G) = ⌈n/q⌉ = k + 1 + ⌈p/q⌉.

We shall now prove that G has AT (G) = χ(G). The proof is by induction on
⌈p/q⌉.

Case 1 ⌈p/q⌉ = 0.

In this case, χ(G) = n/q = k + 1 and we need to prove that AT (G) = k + 1. If
q = 1, then G = Kk+1 and k+ 1 = χ(G) ≤ AT (G) ≤ col(G) = k+ 1. So assume that
q ≥ 2.

Note that fG has degree |E(G)| = kn. So we need to show that the monomial∏n
i=1 x

k
i is non-vanishing. Let c be the coefficient of

∏n
i=1 x

k
i in the expansion of fG.

It follows from Corollary 4.2.3 that

(k!)nc =
∑
σ

(
(−1)

∑n
i=1(k+σ(i))

n∏
i=1

(
k

σ(i)

))
fG(σ),
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where the sum runs over all the mappings σ : {1, 2, . . . , n} → {0, 1, . . . , k}. Note that
if σ is not a proper coloring of G, then fG(σ) = 0. Therefore, we can restrict the sum
to those σ which are proper vertex colorings of G with colors 0, 1, . . . , k.

The graph G is uniquely (k + 1)-colorable. All the (k + 1)-colorings of G are
obtained from a single (k + 1)-coloring of G by permutations of colors. For i ∈
{1, 2, . . . , n}, let {i}k+1 be the unique integer in {0, 1, . . . , k} congruent to i modulo
(k + 1). Given a permutation τ of {0, 1, . . . , k}, let στ : V (G) → {0, 1, . . . , k} be
defined as follows:

στ (vi) = τ({i}k+1).

A mapping σ : V (G) → {0, 1, . . . , k} is a proper coloring of G if and only if σ = στ
for some permutation τ of {0, 1, . . . , k}. Therefore,

(k!)nc =
∑

τ∈Sk+1

(
(−1)

∑n
i=1(k+στ (vi))

n∏
i=1

(
k

στ (vi)

))
fG(στ ),

where Sk+1 is the set of all permutations of {0, 1, . . . , k}.

For τ ∈ Sk+1, for each j ∈ {0, 1, . . . , k}, there are exactly q indices i ∈ {1, 2, . . . , n}
with στ (i) = j. So

(−1)
∑n

i=1(k+στ (i)) = (−1)
qk(k+1)

2 , and
n∏
i=1

(
k

στ (i)

)
=

k∏
i=0

(
k

i

)q
.

Therefore (−1)
∑n

i=1(k+στ (vi))
∏n

i=1

(
k

στ (vi)

)
is a nonzero constant and c ̸= 0 if and only

if
∑

τ∈Sk+1
fG(στ ) ̸= 0.

We shall show that fG(στ ) is also a constant independent of τ . We view the
cycle Cn as embedded in the plane as a circle, so that the vertices v1, v2, . . . , vn of
G are ordered cyclically. Each vertex v of G has k neighbours to its left and k
neighbours to its right. Assume that D is the orientation of G in which each edge
vivj is oriented from vi to vj if vi is to the left of vj in the cyclic order. Assume that
fG(x) =

∏
(u,v)∈A(D)(xu − xv). We consider each pair of colors i > j. Each vertex of

color i is adjacent to two vertices of color j, one to its left, and one to its right. These
two edges incident to this vertex of color i contributes (i − j)(j − i) = −(i − j)2 to
fG(στ ). There are q vertices of color i. So the contribution to fG(στ ) from the pair
of colors i > j is (−(i − j)2)q. This contribution is independent of τ . So fG(στ ) is
a constant independent of τ . Hence

∏n
i=1 x

k
n is a non-vanishing monomial of fG and

AT (G) ≤ k + 1. This completes the proof of Case 1.
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Case 2 ⌈p/q⌉ = 1.

In this case, G is a subgraph of Ck+1
q(k+2). Indeed, let the mapping ϕ : {1, 2, . . . , q(k+

1) + p} → {1, 2, . . . , q(k + 2)} be defined as

ϕ(i) =

{
i+ ⌊ i

k
⌋, if i < (q − p)k

i+ (q − p), otherwise.

Then ϕ is an embedding ofG = Ck
q(k+1)+p into Ck+1

q(k+2). By Case 1, AT (Ck+1
q(k+2)) ≤ k+2.

By Lemma 2.1.6, AT (G) ≤ k + 2.

Case 3 ⌈p/q⌉ ≥ 2.

In this case, n = q(k + 1) + p = q(k + 2) + (p − q), where 1 ≤ p − q ≤ k − q.
Hence χ(Ck+1

n ) = (k+2)+⌈(p−q)/q⌉ = χ(G). By induction hypothesis AT (Ck+1
n ) =

χ(Ck+1
n ). Therefore AT (G) = χ(G).

4.4 4-regular graphs

This section proves the following result:

Let G be a 4-regular graph, and ψ, ϕ : V (G) → {0, 1, 2} are two proper 3-colorings
of G. We say ϕ and ψ are equivalent if the color classes {ϕ−1(i) : i ∈ {0, 1, 2}} and
{ψ−1(i) : i ∈ {0, 1, 2}} are the same, and we say ϕ and ψ have the same colour-class
sizes if the multi-sets {|ϕ−1(0)|, |ϕ−1(1)|, |ϕ−1(2)|} and {|ψ−1(0)|, |ψ−1(1)|, |ψ−1(2)|}
are the same.

Theorem 4.4.1 If G is a 4-regular graph, has an odd number of non-equivalent 3-
colorings, and all the 3-colorings of G have the same colour-class sizes. Then

AT (G) = 3.

Proof.

Assume G is a 4-regular n-vertex graph. We apply (??) to PG with

Sv = {0, 1, 2}, tv = 2 (v ∈ V (G)).
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We obtain

cG,2 =
∑

ϕ:V (G)→{0,1,2}

PG(ϕ)

D(ϕ)
, (4.1)

where
D(ϕ) =

∏
v∈V (G)

∏
a∈{0,1,2}\{ϕ(v)}

(ϕ(v) − a).

If ϕ is not a proper colouring, then PG(ϕ) = 0. Hence only proper 3-colourings
contribute to (4.8).

For a proper colouring ϕ, let

Vi = ϕ−1(i), ni = |Vi| (i = 0, 1, 2).

Then
D(ϕ) = (−1)n12n0+n2 , (4.2)

as a vertex coloured 0 contributes a factor of (0 − 1)(0 − 2) = 2, a vertex coloured
1 contributes a factor of (1 − 0)(1 − 2) = −1, and a vertex coloured 2 contributes a
factor of (2 − 0)(2 − 1) = 2 to D(ϕ).

Let eij be the number of edges between ϕ−1(i) and ϕ−1(j). Then

e01 + e02 = 4n0, (4.3)

e01 + e12 = 4n1, (4.4)

e02 + e12 = 4n2. (4.5)

Adding (4.3) and (4.4), and then subtracting (4.5), yields

2e01 = 4n0 + 4n1 − 4n2,

and hence
e01 = 2(n0 + n1 − n2) = 2(n− 2n2).

Similarly,
e02 = 2(n− 2n1), e12 = 2(n− 2n0).

In particular, all eij are even.

An edge e = uv contributes a factor of 2 to |PG(ϕ)| if e is an edge between ϕ−1(0)
and ϕ−1(2), and every other edge contribites a factor of 1 to |PG(ϕ)|. Thus

|PG(ϕ)| = 22(n−2n1). (4.6)

Let sgn(ϕ) ∈ {1,−1} be the sign of PG(ϕ), i.e.,

PG(ϕ) = sgn(ϕ)|PG(ϕ)| = sgn(ϕ)22(n−2n1).
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Then
PG(ϕ)

D(ϕ)
= sgn(ϕ)(−1)n12n−3n1 = sgn(ϕ)2n(−2−3)n1 . (4.7)

If ψ is obtained from ϕ by interchanging the colors 0 and 1, then sgn(ψ) =
sgn(ϕ)(−1)e01 = sgn(ϕ). Similarly, if ψ is obtained from ϕ by interchanging the
colors 2 and 1, then sgn(ψ) = sgn(ϕ)(−1)e12 = sgn(ϕ). As (01) and (12) generates all
the permutations of {0, 1, 2}, we conclude that if ϕ ∼ ψ, then sgn(ϕ) = sgn(ϕ). Let
[ϕ] be the set of the 6 colorings of G that are equivalent to ϕ. For each i ∈ {0, 1, 2},
there are exactly two coloring ψ ∈ [ϕ] with ψ−1(1) = ϕ−1(i). Therefore

∑
ψ∈[ϕ]

PG(ψ)

D(ψ)
= sgn(ϕ)2n+1

2∑
i=0

(−2−3)ni .

By our assumption, all the 3-colorings ofG have the same color-class sizes. Assume
the color-class sizes are a, b, c. Let B = 2n((−2−3)a + (−2−3)b + (−2−3)b). Then

cG,2 = B
∑
ϕ

sgn(ϕ), (4.8)

where the summation is over all non-equivalent 3-colorings of G.

It is easy to verify that B ̸= 0. By our assumption, there is an odd number of
non-equivalent 3-colorings of G. Therefore cG,2 ̸= 0. This completes the proof of
Theorem 4.4.1.

An alternative proof of Theorem 2.5.2:

Assume G is a 4-regular graph on 3n vertices that decomposes into a Hamilton
cycle and a family of n pairwise vertex-disjoint triangles. If ϕ is a 3-colouring of G,
then each colour class contains one vertex of each triangle, and hence has size n.

It is left as a (difficult) exercise to prove G has an odd number of non-equivalent
3-colourings. Then it follows from Theorem 4.4.1 that AT (G) = 3.

4.5 Alon-Tarsi numbers of toroidal grids

Let n, k ≥ 3 be integers. The Cartesian product Cn2Ck of two cycles is called a
toroidal grid. Note that Cn2Ck is a 4-regular graph. If both n, k are even, then
Cn2Ck is a bipartite graph. It follows from Corollary 2.3.2 that AT (Cn2Ck) = 3.

The case that at least one of n,m is odd is more difficult and is settled in [25].
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Theorem 4.5.1 Assume s, k are positive integers and G = C2s+12Ck. Then

AT (G) =

{
3, if k is even,

4, if k is odd.

The proof of Theorem 4.5.1 uses the concept of anti-Hermitian matrix and basic
properties of complex numbers and matrices.

Definition 4.5.2 The conjugation z of a complex number z = a + bi is defined as
z = a − bi, where a, b are real numbers. The conjugate transpose M of a complex
matrix M is defined as M i,j = Mj,i. (Here M i,j is the (i, j)th entry of the matrix M ,
and Mj,i is the conjugate of the complex number Mj,i.) A square complex matrix M
is Hermitian if M = M and M is anti-Hermitian (or skew Hermitian) if M = −M .

The following lemma lists some basic properties of conjugate transposes. These
properties can be easily verified from the definitions.

Lemma 4.5.3 Let A,B be complex matrices, x a complex vector and z, z′ complex
numbers. Then the following hold:

1. A = A, z = z.

2. (A+B) = A+B, (z + z′) = z + z′.

3. (zA) = zA, (1/z) = 1/z.

4. (AB) = B A, (zz′) = z z′.

Note that when we write the sum of two matrices, they are assumed to be of the
same sizes; when we write the product AB of two matrices, the number of columns
in A is assumed to be equal to the number of rows in B. We view an n-dimensional
complex vector x as an n× 1 matrix. So x is a 1 × n matrix.

Definition 4.5.4 Assume that u,v are n-dimensional complex vectors. Then uv is
called the inner product of u and v. The norm of a complex number z = a + bi is
|z| =

√
a2 + b2 =

√
zz and the norm of a complex vector u is |u| =

√
uu.

Note that the inner product of two complex vectors is a complex number.

Recall that a complex number λ is pure imaginary if its real part is zero, which is
equivalent to λ = −λ.
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Lemma 4.5.5 If M is an anti-Hermitian matrix, then all its eigenvalues are pure
imaginary.

Proof. Assume λ is an eigenvalue of M and x is the corresponding eigenvector. Then
xMx = λ|x|2. Hence

λ|x|2 = xMx = xMx = −xMx = −λ|x|2.

Thus λ = −λ and hence λ is pure imaginary.

Note that the same proof shows that if M is a Hermitian matrix, then all its
eigenvalues are real.

Lemma 4.5.6 Let s, k be positive integers and n = 2s+ 1. Let Cn = (v1, v2, . . . , vn)
be an n-cycle, and Ck = (w1, w2, . . . , wk) be a k-cycle, and G = Cn2Ck. Let N =
nk = |V (G)|. Let A = {1, w, w2}, where w = e2πi/3 is a cube root of 1. Let U
be the set of all proper colourings of Cn using colours from A. Each element of U
is a vector u = (u1, u2, . . . , un), where ui ∈ A is the colour assigned to vertex vi
(V (Cn) = {v1, v2, . . . , vn}). For u,u′ ∈ U , let

Mu,u′ = PCn(u1, . . . , un) ·
n∏
i=1

ui − u′i∏
b∈A−{ui}(ui − b)

.

Let M = [Mu,u′ ] be the matrix whose rows and columns are indexed by elements of U .
Then

cG,d+1 = trMk.

Proof. By the coefficient formula in Theorem 4.1.1,

cG,2 =
∑

(a1,...,aN )∈AN

PG(a1, . . . , aN)∏N
i=1

∏
b∈A−{ai}(ai − b)

. (4.9)

We may restrict the summation to those (a1, . . . , aN) ∈ AN that are proper colourings
of G (for otherwise PG(a1, . . . , aN) = 0). Each proper colouring (a1, . . . , aN) of G cor-
responds to a sequence u1,u2, . . . ,uk of proper colourings of Cn, where ui is the colour-
ing of the ith copy of Cn, i.e., colouring of the those vertices of G = Cn2Ck whose
second coordinate is wi (V (Ck) = {w1, w2, . . . , wk}). Let ui = (ui,1, ui,2, . . . , ui,n). We
denote by PCn(ui) = PCn(ui,1, ui,2, . . . , ui,n). Then

PG(a1, . . . , aN) =
k∏
i=1

PCn(ui) ·
k∏
i=1

n∏
j=1

(ui+1,j − ui,j).
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In the summation above, uk+1,j = u1,j. Therefore

PG(a1, . . . , aN)∏N
i=1

∏
b∈A−{ai}(ai − b)

= Mu1,u2 ·Mu2,u3 · . . . ·Muk,u1 .

The summation of all these products is exactly the trace of the matrix Mk.

We shall show that the trace of Mk is non-zero if k is even, and trace of Mk is
zero if k is odd.

Lemma 4.5.7 The matrix M is an anti-Hermitian matrix.

Proof. In this proof, the indices are modulo 2s + 1. Let u = (u1, u2, . . . , u2s+1) be
a proper 3-colouring of C2s+1 with colour set A = {1, w, w2}. Let u∗i be the unique
element in A− {ui, ui−1}. Then

ui − ui−1∏
b∈A−{ui}(ui − b)

=
1

ui − u∗i
.

As PC2s+1(u1, . . . , u2s+1) =
∏2s+1

i=1 (ui − ui−1), we conclude that

Mu,u′ = PC2s+1(u1, . . . , u2s+1) ·
2s+1∏
i=1

ui − u′i∏
b∈A−{ui}(ui − b)

=
2s+1∏
i=1

(ui − u′i)(ui − ui−1)∏
b∈A−{ui}(ui − b)

=
2s+1∏
i=1

ui − u′i
ui − u∗i

.

We shall now show that

Mu,u′ = −Mu′,u. (4.10)

If ui = u′i for some i, then Mu,u′ = 0. So (4.10) holds. Assume therefore that
ui ̸= u′i for all i. (4.10) is equivalent to the following:

2s+1∏
i=1

(ui − u′i)(ui − u∗i )

|ui − u∗i |2
= −

2s+1∏
i=1

(u′i − ui)(u
′
i − u′∗i )

|u′i − u′∗i |2
. (4.11)

Since |u′i−u′∗i |2 = |ui−u∗i |2 = 3, and z = 1
z

for z ∈ {ui, u′i, u∗i }, (4.11) is equivalent to

2s+1∏
i=1

(ui − u′i)
u∗i − ui
uiu∗i

= −
2s+1∏
i=1

(u′i − u′∗i )
ui − u′i
uiu′i

. (4.12)
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Now (4.12) is equivalent to

2s+1∏
i=1

u∗i − ui
u∗i

= −
2s+1∏
i=1

u′i − u′∗i
u′i

. (4.13)

Let ϵi = ui
ui−1

and δi =
u′i
u′i−1

. Then

ϵi, δi ∈ {w,w2}, u∗i = uiϵi, u
′∗
i = u′iδi.

Hence
ui
u∗i

= ϵi,
u′∗i
u′i

= δi.

We re-write (4.13) as
2s+1∏
i=1

(1 − ϵi) = −
2s+1∏
i=1

(1 − δi).

As
2s+1∏
i=1

ϵi =
2s+1∏
i=1

δi = 1,

(4.13) is equivalent to

2s+1∏
i=1

(1 − δi) = −
2s+1∏
i=1

ϵi(1 − ϵi) =
2s+1∏
i=1

(1 − ϵi). (4.14)

Note that w = −1
2

+
√
3
2
i and w2 = −1

2
−

√
3
2
i. So 1−w =

√
3iw2 and 1−w2 = −

√
3iw.

So for ϵ ∈ {w,w2}, 1−ϵ = ±i
√

3ϵ2 and the signs are different for w and w2. Therefore

(1 − δi) =

{
1 − ϵi, if δi = ϵi,

−(1 − ϵi), if δi ̸= ϵi.

Hence

2s+1∏
i=1

(1 − δi) = = (−1)m
2s+1∏
i=1

(1 − ϵi), (4.15)

where m = |{i : δi ̸= ϵi}|.

Colour i with white if ui = u′iw, and colour i with black if ui = u′iw
2. Then ϵi = δi

if i and i − 1 have the same colour, and ϵi ̸= δi if i and i − 1 have distinct colours.
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As there is an even number of indices i for which i and i− 1 are of distinct colours,
so m is even. Therefore (4.14) holds and hence M is an anti-Hermitian matrix.

Now we are ready to complete the proof of Theorem 4.5.1. Assume that G =
C2s+12Ck. Let M be the matrix defined as above. Note that the matrix M is a
non-zero matrix. If k is even, then since the eigenvalues of M are all imaginary, the
eigenvalues of Mk are all real numbers, and if k ≡ 0 (mod 4), then all the eigenvalues
are non-negative; if k ≡ 2 (mod 4), then all the eigenvalues are non-positive. Since
M is non-zero, Mk has at least one non-zero eigenvalue. Hence trMk ̸= 0 (recall
that the trace of a square matrix is the summation of all its eigenvalues). By Lemma
4.5.5, cG,2 ̸= 0 and hence AT (G) = 3. If k is odd, then the eigenvalues of Mk are
also all pure imaginary. Thus trMk is a pure imaginary number. On the other hand,
trMk = cG,2 is a real number. Hence trMk = cG,2 = 0. So AT (G) ≥ 4. As observed
above, AT (G) ≤ 4. So equality AT (G) = 4 holds.

Corollary 4.5.8 Assume that n,m ≥ 2 are integers. If nm is even, then ch(Tn,m) =
3. If nm is odd, then 3 ≤ ch(Tn,m) ≤ 4.

In [5] it was conjectured that ch(Tn,m) = 3 for all n,m ≥ 3. It remains open
whether the conjecture holds when both n,m are odd.
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Chapter 5

Line graphs

5.1 List colouring of line graphs

Although there are graphs whose choice numbers are much larger than their chro-
matic numbers (cf: Theorem 2.1.5), there are many graphs whose choice numbers
equal their chromatic numbers. Such graphs are called chromatic choosable. The
results in the previous section show that K2⋆n and cycle powers Ck

n are chromatic
choosable. The problem as to which graphs are chromatic choosable has been stud-
ied a lot in the literature. One of the most well-known problems is the so called
“list colouring conjecture”, which was suggested independently by many researchers,
including Vizing, Gupta, Allbertson, Collins and Tucker.

Conjecture 5.1.1 (List coloring Conjecture) For every graph G (parallel edges
are allowed), the list edge-chromatic number χ′

l(G) equals its edge chromatic number
χ′(G).

Conjecture 5.1.1 is equivalent to the following conjecture, which is the restriction
of Conjetcure 5.1.1 to r-edge colourable r-regular graphs.

Conjecture 5.1.2 (List coloring Conjecture) Every r-edge colourable r-regular
graph G is r-edge choosable.

Lemma 5.1.3 Conjecture 5.1.1 and Conjecture 5.1.2 are equivalent.

Proof. It is obvious that Conjecture 5.1.1 implies Conjecture 5.1.2. To see the
converse implication, we assume that Conjecture 5.1.2 holds and G is an arbitrary

63
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r-edge colourable graph G. Let H be obtained from two vertex disjoint copies of
G, say G and G′, where the vertex set of G′ is V ′ = {v′ : v ∈ V (G)}, by adding
r− dG(v) parallel edges between v and v′ for each vertex v of G. Then H is r-regular
and r-edge colourable. Since Conjecture 5.1.2 is assumed to be true for all r-edge
colourable r-regular graphs, H is r-edge choosable. Hence G is also r-edge choosable.
As G is an arbitrary r-edge colourable graph, Conjecture 5.1.1 is true.

Let G be an n-vertex r-regular r-edge colourable graph. Let L(G) be the line
graph of G. We are interested in the Alon-Tarsi number of L(G). In particular,
we are interested in the problem whether L(G) has Alon-Tarsi number r. As a
strengthening of Conjecture 5.1.2, one may wonder if it is true that for any r-edge
colourable r-regular graph G, its line graph L(G) has Alon-Tarsi number r. However,
this is not true. For example, if G = K3,3, then G is 3-edge colourable and 3-regular,
but its line graph L(G) has Alon-Tarsi number 4. Nevertheless, for some classes of
r-edge colourable r-regular graphs G, L(G) does have Alon-Tarsi number r. In the
next two sections, we shall show in the next two sections the following hold:

(1) If G is an r-edge colourable r-regular planar graph, then L(G) has Alon-Tarsi
number r.

(2) If G = Kp+1 and p is an odd prime, then L(G) has Alon-Tarsi number p.

Let D be an orientation of L(G) and let

fD(x) =
∏

(e,e′)∈E(D)

(xe − xe′)

be the graph polynomial of L(G) associated with D. Note that for a different ori-
entation D′ of L(G), fD(x) = ±fD′(x). We are only interested in whether a certain
monomial in fD is non-vanishing or not. So the choice of the orientation D is irrele-
vant. However, for some of the proofs, we may choose appropriate orientations D to
make the calculations easier.

The line graph L(G) is 2(r− 1)-regular (if e, e′ are parallel edges in G, then e and
e′ are connected by two parallel edges in L(G)). Thus the number of variables xe is
|E(G)| = nr/2, and the degree of fD is |E(L(G))| = nr(r−1)/2. Thus the Alon-Tarsi
number of L(G) is r if and only if the monomial

∏
e∈E(G) x

r−1
e is non-vanishing.

By Corollary 4.2.3, the coefficient of the monomial
∏

e∈E(G) x
r−1
e in fD(x) is equal

to

((r − 1)!)−nr/2
∑

ϕ:E(G)→{0,1,...,r−1}

 ∏
e∈E(G)

(−1)(r−1+ϕ(e))

(
r − 1

ϕ(e)

) fD(ϕ).

If ϕ : E(G) → {0, 1, . . . , r − 1} is not a proper edge coloring of G, then fD(ϕ) = 0.
Thus the summation above can be restricted to proper edge colorings ϕ of G. On
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the other hand, if ϕ : E(G) → {0, 1, . . . , r − 1} is a proper edge coloring of G,
then

∏
e∈E(G)(−1)(r−1+ϕ(e))

(
r−1
ϕ(e)

)
is a constant, as there are exactly n/2 edges e for

which ϕ(e) = i for each i ∈ {0, 1, . . . , r − 1}. Therefore, to prove that the coefficient
of the monomial

∏
e∈E(G) x

r−1
e in fD(x) is nonzero, it is equivalent to showing that∑

ϕ∈C fD(ϕ) ̸= 0, where C is the set of mappings ϕ : E(G) → {0, 1, . . . , r − 1} that
are proper edge colorings of G.

For a vertex v of G, let E(v) be the set of edges of G incident to v, and denote
by Qv the r-clique of L(G) induced by E(v). Let < be a fixed ordering of the edges
of G. Let

fD,v(x) =
∏

(e,e′)∈E(D),e,e′∈E(Qv)

(xe − xe′).

Then fD(x) =
∏

v∈V (G) fD,v(x). If ϕ is a proper edge coloring of G, then for any
vertex v of G,

|fD,v(ϕ)| =
∏

0≤i<j≤r−1

(j − i), and hence |fD(ϕ)| =

( ∏
0≤i<j≤r−1

(j − i)

)n

.

For ϕ ∈ C, let signD(ϕ) = ±1 (respectively, signD,v(ϕ) = ±1), depending on whether
fD(ϕ) (respectively, fD,v(ϕ)) is positive or negative. As |fD(ϕ)| is a constant, to show
that the coefficient of

∏
e∈E(G) x

r−1
e in fD(x) is nonzero, it is equivalent to showing

that
∑

ϕ∈C signD(ϕ) ̸= 0. So we have the following lemma.

Lemma 5.1.4 Assume that G is an r-edge colourable r-regular graph and D is
an orientation of L(G). Then L(G) has Alon-Tarsi number r if and only if∑

ϕ∈C signD(ϕ) ̸= 0, where C is the set of proper r-edge colourings of G.

5.2 r-regular planar graphs

In this section, we prove that if G is an r-edge colourable r-regular planar graph, then
L(G) has Alon-Tarsi number r. This result was proved by Elligham and Goddyn [13].
The proof presented below is an unpublished proof given by the first author.

By Lemma 5.1.4, it suffices to show that for a fixed orientation D of L(G),∑
ϕ∈C signD(ϕ) ̸= 0.

For this purpose, we prove a stronger result:

Lemma 5.2.1 There is an orientation D of L(G) such that for all ϕ ∈ C, signD(ϕ) =

(−1)(
r−1
2 )n/2, a nonzero constant.
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Proof. Assume that D,D′ are distinct orientations of L(G). If D and D′ differ in an
even number of edges, then fD′(x) = fD(x). Otherwise fD′(x) = −fD(x).

Let M be a one-factor of G. We define an orientation of L(G) as follows: For
each vertex v of G, order the edges in E(v) as (e1, e2, . . . , er), where e1 ∈M and the
edges occur clockwise in this order in a plane embedding of G. Let Qv be the r−
clique of L(G) induced by the r edges at the vertex v of G. We orient the edges in
Qv as ei → ej where 1 ≤ i < j ≤ r. The union of the orientations of all the cliques
{Qv : v ∈ V (G)} gives an orientation of L(G), which we denote by DM . Note that
for e = uv, the index of e in E(v) and in E(u) may be distinct.

Claim 5.2.2 If M and M ′ are both one-factors of G, then DM and DM ′ differ in an
even number of edges. Consequently fDM

(x) = fDM′ (x) and signDM
(ϕ) = signDM′ (ϕ)

for ϕ ∈ C.

Proof. For each vertex v of G, let αv be the number of edges in Qv for which DM

and DM ′ orient differently. We need to show that
∑

v∈V (G) αv ≡ 0 (mod 2).

Let eM,v and eM ′,v be the edges of M and M ′ incident to v, respectively. If
eM,v = eM ′,v, then αv = 0. Otherwise, let [eM,v, eM ′,v) be the set of edges in E(v)
from eM,v to eM ′,v (include eM,v but exclude eM ′,v) in clockwise direction, and define
the set [eM ′,v, eM,v) of edges similarly. It is easy to see that DM and DM ′ orient the
edge ee′ in Qv differently if and only if one of e, e′ lies in [eM,v, eM ′,v), and the other
lies in [eM ′,v, eM,v). Thus αv = |[eM,v, eM ′,v)| × |[eM ′,v, eM,v)|. If r is odd, then αv is
even for every v and hence

∑
v∈V (G) αv ≡ 0 (mod 2).

Assume that r is even. Then for each vertex v, αv ≡ |[eM,v, eM ′,v)| ≡ |[eM ′,v, eM,v)|
(mod 2). Let C = (v1, v2, . . . , v2k) be an even cycle of M∪M ′. The number of edges in
E(vi) contained in the interior of C is |[eM,v, eM ′,v)|−1 or |[eM ′,v, eM,v)|−1, and hence
has the same parity as αv−1. Since each vertex in the interior of C has even degree r,
by handshaking lemma, the total number of edges in the interior with one end on cycle
C is even. Thus

∑2k
i=1 αvi ≡

∑2k
i=1(αvi − 1) ≡ 0 (mod 2). As (M ∪M ′) − (M ∩M ′)

is the disjoint union of even cycles, we conclude that
∑2k

i=1 αvi ≡ 0 (mod 2).

We shall prove that if M is a one-factor of G, then for any ϕ ∈ C, signDM
(ϕ) =

(−1)(
r−1
2 )n/2. By Claim 5.2.2, we may assume that M = ϕ−1(r − 1) consists of edges

of color r − 1.

Let G′ be obtained from G by contracting all edges of color r − 1 (and all the
other edges colored as in G). For each color i ∈ {0, 1, . . . , r − 2}, the subgraph of G′

induced by edges of color i induce a 2-factor. We say monochromatic cycles of colors
i and j cross at u if the cyclic order of the colors of the i- j-colored edges incident
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to u is i, j, i, j. Denote by βu the number of pairs of monochromatic cycles of G′ that
cross at u.

For u ∈ V (G′), let eu = xuyu be the edge of G whose contraction results in u. For
each pair of colors 0 ≤ i, j ≤ r − 2, in each of PDM ,xu(ϕ) and PDM ,yu(ϕ), (j − i) or
(i− j) occurs as a factor. If cycles of colors i and j cross at u, then either (j − i) or
(i− j) occurs twice in the product PDM ,xu(ϕ)PDM ,yu(ϕ). If cycles of colors i and j do
not cross at u, then each of (j − i) and (i − j) occurs once in PDM ,xu(ϕ)PDM ,yu(ϕ).
Note that

(
r−1
2

)
− βu is the number of pairs i, j for which monochromatic cycles of

colors i and j do not cross. Therefore,

signDM ,xu(ϕ)signDM ,yu(ϕ) = (−1)(
r−1
2 )−βu .

Since every pair of monochromatic cycles cross each other an even number of
times, we have

∑
u∈V (G′) βu = 0 (mod 2). Therefore,

signDM
(ϕ) =

∏
u∈V (G′)

signDM ,xu(ϕ)signDM ,yu(ϕ) = (−1)(
r−1
2 )n/2.

This completes the proof of Lemma 5.2.1, as well as Theorem 5.2.3.

Corollary 5.2.3 If G is an r-regular r-edge colourable planar graph, then L(G) has
Alon-Tarsi number r, and hence G is r-edge paintable as well as r-edge choosable.

5.3 Multicircuits

Assume µ = (µ0, µ1, . . . , µn−1) is a sequence of positive integers. Let Cn[µ] be a
multicircuit with V (Cn[µ]) = {v0, v1, . . . , vn−1} and E(Cn[µ]) = X0∪X1∪ . . .∪Xn−1,
where Xi is a set of µi parallel edges joining vi and vi+1 for each i ∈ {0, . . . , n − 1}
with vn = v0. Let m =

∑n−1
i=0 µi. Note that Cn[µ] is a series-parallel graph. It is not

difficult to prove (see [?]) that

χ(L(Cn(µ))) = χ′(Cn(µ)) = max{∆(Cn(µ)), ⌈m/⌊n/2⌋⌉.

Theorem 5.3.1 If G is a multicircuit graph on n vertices, m edges and maximum
degree ∆, then AT′(G) = max{∆, ⌈m/⌊n/2⌋⌉}.

We order the vertices of G = L(Cn[µ]) along the orientation of Cn, so that ver-
tices in Kµi are consecutive for each i ∈ [0, n − 1]. Assume the vertices of G are
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u0, u1, . . . , um−1 in this cyclic order. For i = 0, 1, . . . , n−1, let si = µ0+µ1+. . .+µi−1,
and ti = µ0 + µ1 + . . . + µi − 1, and let Ii = [si, ti] (by convention, s0 = 0). The set
Vi = {uj : j ∈ Ii} are the vertices of Kµi in G that correspond the µi parallel edges
between vi and vi+1 in Cn[µ], and Vi∪Vi+1 induces a clique in G for i = 0, 1, . . . , n−1
(addition in the indices are modulo n).

Example 5.3.2 Let n = 5 and µ = (µ0, µ1, µ2, µ3, µ4) = (1, 4, 1, 3, 2). Then m =∑4
i=0 = 11 = |V (G)|. Figure 5.1 is the cyclic vertex order of G = L(C5[µ]) and

V0 = {v0}, V1 = {v1, v2, v3, v4}, V1 = {v5}, V3 = {v6, v7, v8} and V4 = {v9, v10}.

Figure 5.1: The cyclic vertex order of G = L(C5[µ]) with µ = (µ0, µ1, µ2, µ3, µ4) =
(1, 4, 1, 3, 2).

Let Cm = u0u1 . . . um−1u0, which is a hamilton cycle in G. For α, β ∈
{0, 1, . . . ,m− 1}, Cm[uα, uβ] denotes the subpath of Cm from uα to uβ along the ori-
entation given above. To be precise, if α < β, then Cm[uα, uβ] = uαuα+1um−1, . . . uβ;
if α > β, then Cm[uα, uβ] = uαuα+1 . . . , um−1, u0 . . . uβ.

Note that for α, β ∈ {0, 1, . . . ,m− 1}, uαuβ is an edge of G if and only if there is
an index i such that α, β ∈ Ii ∪ Ii+1 (the addition in indices are modulo m). Assume
uαuβ is an edge of G. Hence Cm[uα, uβ] ⊆ Cm[si, ti+1] for some i. The length of this
edge with respect to Cm, denoted by ℓCm(uαuβ), is defined to be the length of

ℓCm(uαuβ) = |Cm[uα, uβ]| − 1.

Note that the largest length of an edge of G is ∆ − 1, where ∆ = ∆(Cn[µ]) =
maxi∈[0,n−1](µi + µi+1). Thus, G is a spanning subgraph of C∆−1

m . Furthermore, the
following holds.
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Lemma 5.3.3 If k ≥ ∆ is a positive integer, and m⋆ ≤ n∆−2m is a positive integer,
then

G ⊆ C∆−1
m+m⋆ ⊆ Ck−1

m+m⋆ .

Proof. Note that
∑n−1

i=0 (∆ − µi − µi+1) = n∆ − 2
∑n−1

i=0 µi = n∆ − 2m. Partition
m∗ = µ∗

1 + µ∗
2 + · · · + µ∗

n−1 with 0 ≤ µ∗
i ≤ ∆ − (µi + µi+1) for each i ∈ [0, n− 1].

For each i ∈ [0, n − 1], we insert µ∗
i ≥ 0 new vertices between Vi and Vi+1. We

obtain a cycle Cm+m⋆ . For an edge uαuβ of G, with α, β ∈ Ii ∪ Ii+1, the length of the
edge uαuβ with respect to Cm+m⋆ is

ℓCm+m⋆ ≤ ℓCm(uαuβ) + u∗i ≤ µi + µi+1 − 1 + u∗i ≤ ∆ − 1.

Hence, uαuβ ∈ E(C∆−1
m+m⋆), and so G is a subgraph of C∆−1

m+m⋆ ⊆ Ck−1
m+m⋆ .

Example 5.3.4 Let n = 5, µ = (1, 4, 1, 3, 2). Figure 5.1 illustrates the cycle Cm
(m = 11) and the partition of its vertex set into V0, V1, . . . , V4. Note that

µ2 + µ3 = 4, µ4 + µ0 = 3 and µi + µi+1 = 5 = ∆ otherwise.

Let µ⋆2 = 1 and µ⋆4 = 2 and µ⋆i = 0 otherwise. Figure 5.2 illustrates the resulting
cycle Cm′ after inserting

∑4
i=1 µ

∗
i = 1 + 2 = 3 new vertices. So m′ = m+

∑4
i=1 µ

∗
i =

11 + 1 + 2 = 14.

Figure 5.2: The example of Cm+m⋆ with µ⋆i = 0 except that µ⋆2 = 1 (the new vertex
is orange vertex) and µ⋆4 = 2 (the new two vertices are purple vertices).



70 CHAPTER 5. LINE GRAPHS

If ∆ ≥ m
⌊n/2⌋ , then ∆ ≥ ⌈ m

⌊n/2⌋⌉ (as ∆ is an integer), χ(G) = ∆ and (n/2)∆ ≥
⌊n/2⌋∆ ≥ m. Let m⋆ = ⌊n/2⌋∆ −m. Then

n∆ − 2m−m⋆ = n∆ − 2m− ⌊n/2⌋∆ +m ≥ (n/2)∆ −m ≥ 0.

It follows from Lemma 5.3.3 that G ⊆ C∆−1
m+m⋆ = C∆−1

⌊n/2⌋∆. Combining with Theorem
4.3.1, we have

∆ = χ(G) ≤ AT (G) ≤ AT (C∆−1
⌊n/2⌋∆) = ∆.

Therefore, we have ∆ = χ(G) = AT (G).

Assume ∆ < m
⌊n/2⌋ . Let t := m

⌊n/2⌋ . Then χ(G) = ⌈t⌉ and ⌊t⌋ ≥ ∆. It follows

from Lemma 5.3.3 that G ⊆ C∆−1
m ⊆ C

⌊t⌋−1
m (by choosing m⋆ = 0). Combining with

Theorem 4.3.1, we have

⌈ m

⌊n/2⌋
⌉ = χ(G) ≤ AT (G) ≤ AT (C⌊t⌋−1

m ) = ⌈ m

⌊ m⌊t⌋⌋
⌉ ≤ ⌈ m

⌊m
t
⌋
⌉ = ⌈ m

⌊n/2⌋
⌉.

This complete the proof of Theorem 5.3.1.



Chapter 6

Polynomials associated with
matrices

6.1 Polynomials defined by matrices

Definition 6.1.1 Let A = [ai,j]m×n be an (m × n) matrix, with ai,j ∈ F for a field
F, and b = (b1, b2, . . . , bm) ∈ Fm. We define the polynomial FA,b(x1, x2, . . . , xn) ∈
F[x1, x2, . . . , xn] as

FA,b(x1, x2, . . . , xn) =
m∏
i=1

n∑
j=1

(ai,jxj − bi).

If bi = 0 for i = 1, 2, . . . ,m, then we write FA for FA,b.

Thus, polynomials FA,b (respectively, FA) are polynomials (respectively, homoge-
neous polynomials) that can be factorized as the product of m linear factors. There-
fore deg(FA,b) = deg(FA) = m.

We have presented three graph theory problems in Chapter 1.1 whose solutions
correspond to non-zero points of polynomials in a given grid: List colouring of graphs,
list avoiding orientation of graphs, and edge-weighting of graphs. Applications of
Combinatorial Nullstellensatz to these three problems are the main objects of this
lecture note. All the polynomials associated to these problems are of the form FA,b
for some matrices.

71



72 CHAPTER 6. POLYNOMIALS ASSOCIATED WITH MATRICES

Example 6.1.2 For a graph G and an orientation D of G, let A = [ae,v] be the
incidence matrix of D, defined as

ae,v =


1, if e = (v, u) for some u,

−1, if e = (u, v) for some u,

0, otherwise.

Then the graph polynomial PD(xv : v ∈ V (G) is equal to FA.

Example 6.1.3 Given a graph G and an orientation D of G, and a list F ′(v) of
integers for each vertex v, in Chapter 1.1 we introduced the following polynomial

gD,F ′(xe : e ∈ E(G)) =
∏

v∈V (G)

∏
b∈F ′(v)

(
∑

e∈E(G)

(a′e,vxe − b),

where a′e,v equals ae,v defined in Example 6.1.2.

Example 6.1.4 Given a graph G and an orientation D of G, let A = [ae,e′ ] be the
matrix whose rows and columns are indexed by edges of D, and for e = (u, v), let

Ae,e′ =


1, if e′ ∈ EG(u) − {e},
−1, if e′ ∈ EG(v) − {e},
0, otherwise

The hD defined in Chapter 1.1 is defined as

hD(xe : e ∈ E) :=
∏

uv∈E(D)

(
∑
e∈E(u)

xe −
∑
e∈E(v)

xe).

It is easy to verify that hD = FA.

Both polynomials are defined by matrices. Given a graph G and an orientation D
of G, we denote by A the matrix in Example 6.1.2, and by A′ the matrix in Example
6.1.3. Note that the rows of A are indexed by edges in D, and columns of A are
indexed by vertices in D. On the other hand, rows of A′ are indexed by vertices of D
and columns are indexed by edges of D. Indeed, A′ is obtained from the transpose
AT of A by repeating, for each vertex v of D, |F ′(v)| times the row of AT indexed by
v.
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Definition 6.1.5 For a matrix A = (aij)1≤i≤n,1≤j≤m and two vectors α = (ai)1≤i≤n ∈
Nn, β = (bj)1≤j≤m ∈ Nm of non-negative integers, denote by Aα,β the matrix generated
by copying ai times the i-th row of A and bj times the j-th column of A. Equivalently,

Aα,β =


a11Ja1×b1 a12Ja1×b2 · · · a1mJa1×bm
a21Ja2×b1 a22Ja2×b2 · · · a2mJa2×bm

...
...

. . .
...

an1Jan×b1 an2Jan×b2 · · · anmJan×bm

 ,
where Ja,b is the all-1 (a× b) matrix.

We denote by 1 the all-1 vector, so A1,1 = A.

Definition 6.1.6 For an m×m matrix A = [ai,j], the permanent of A is

per(A) =
∑
σ∈Sm

m∏
i=1

ai,σ(i).

Lemma 6.1.7 Let A = [ai,j] be an m× n matrix, and t = (t1, t2, . . . , tn) is a vector
of non-negative integers with

∑n
i=1 ti = m. Then

cFA,t =
1

t!
per(A1,t),

where t! =
∏n

i+1 ti!.

Proof. To write FA as a linear combination of monomials, for each i ∈ [m], we pick
one entry from the linear terms

∑n
j=1 ai,jxj, take the product to obtain a monomial,

and then sum up all such monomials. Let Θ be the set of all mappings θ : [m] → [n].
Then

FA =
∑
θ∈Θ

m∏
i=1

ai,θ(i)xθ(i).

For a mapping θ ∈ Θ, the corresponding monomial is

n∏
i=1

x
|θ−1(i)|
i ,

and the contribution of θ to the coefficient of this monomial is
∏m

i=1 ai,θ(i).
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Given t = (t1, t2, . . . , tn) with
∑n

i=1 ti = m, let

Θt = {θ ∈ Θ : |θ−1(i)| = ti}.

Then

cFA,t =
∑
θ∈Θt

m∏
i=1

ai,θ(i).

Consider the matrix A1,t, which is a matrix that consists of ti copies of the ith
column of A for i ∈ [n]. Let Ci be the index of the ti columns of A1,t that are copies
of the ith column of A. Let A1,t = [a′l,j]m×m. Thus a′l,j = ai,j if l ∈ Ci.

For each θ ∈ Θt, let Σθ be the subset of permutations σ of [m] such that for each
i ∈ [n], if j ∈ θ−1(i), then σ(j) ∈ Ci. Thus the restriction of σ to θ−1(i) is a bijection
from θ−1(i) to Ci. For each i ∈ [n], there are ti! bijections from θ−1(i) to Ci. Thus
|Σθ| =

∏n
i=1 ti! = t!. As a′l,j = ai,j if l ∈ Ci, we have

m∏
i=1

ai,θ(i) =
m∏
i=1

a′i,σ(i)

for any σ ∈ Σθ.

Note that Sm is the disjoint union of Σθ for θ ∈ Θt. Therefore

cFA,t =
∑
θ∈Θt

m∏
i=1

ai,θ(i) =
1

t!

∑
σ∈Sm

m∏
i=1

a′i,σ(i) =
1

t!
per(A1,t).

6.2 Trees with an even number of edges

There are many graphs that are not 2-edge-weight choosable. Nevertheless, exper-
iment shows that most graphs are 2-edge-weight choosable. One question studied
in [?] is which trees are 2-edge-weight choosable. An algorithm is presented in [?]
that determines whether a given tree is 2-edge-weight choosable in linear time. The
algorithm is a little complicated. However, Theorem 6.2.1 gives an easy sufficient
condition for a tree to be 2-edge-weight choosable.

Theorem 6.2.1 If T is a tree with an even number of edges, then per(AG) ̸= 0, and
consequently, T is 2-edge-weight choosable.
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In this section we prove that the parity of perB(T ) for a tree T is different from
the parity of the number of edges of T . As a consequence, if T is a tree with an even
number of edges, then perB(T ) ̸= 0 and so T is (1, 2)-choosable by Theorem ??.

Lemma 6.2.2 Assume G has a cut edge e and G1, G2 are the two components of
G− e. If G′

i is obtained from Gi by adding the edge e, then

perB(G) = perB(G1) perB(G′
2) + perB(G′

1) perB(G2).

Proof. Assume the edges of G1 are e1, e2, . . . , et−1, the cut edge e = et, and the edges
of G2 are et+1, et+2, . . . , em. Then

B(G) =



· · · ∗
B(G1) ∗ 0
· · · ∗

∗ ∗ ∗ 0 ∗ ∗ ∗
∗ · · ·

0 ∗ B(G2)
∗ · · ·


where the row and the column containing ∗’s are row t and column t, and a ∗ represents
an arbitrary real number. Let u1 and u2 be rows formed from row t of B(G) by
setting the first t− 1 positions and the last m− t positions to 0, respectively. Let Bi

be obtained from B(G) by replacing row t with ui, i.e.,

B1 =



· · · ∗
B(G1) ∗ 0
· · · ∗

0 0 0 0 ∗ ∗ ∗
∗ · · ·

0 ∗ B(G2)
∗ · · ·


and B2 =



· · · ∗
B(G1) ∗ 0
· · · ∗

∗ ∗ ∗ 0 0 0 0
∗ · · ·

0 ∗ B(G2)
∗ · · ·


.

By linearity of permanent with respect to row vectors, we have

perB(G) = perB1 + perB2.

The nonzero contribution to perB1 from rows t, t + 1, . . . ,m are from columns
t, t + 1, . . . ,m. So perB1 = perB(G1) perB(G′

2). Similarly we have perB2 =
perB(G′

1) perB(G2). Hence

perB(G) = perB(G1) perB(G′
2) + perB(G′

1) perB(G2).



76 CHAPTER 6. POLYNOMIALS ASSOCIATED WITH MATRICES

Lemma 6.2.3 If T is a tree with m edges, then perB(T ) ≡ m− 1 (mod 2).

Proof. Since we are only concerned about the modulo 2 value of the permanent,
the calculations can be done in Z2. Hence we can replace −1 by 1 in B(T ), and the
resulting matrix is just the adjacency matrix of the line graph of G.

We prove the lemma by induction on m. If T is a star, then B(T ) = Jm − Im,
where Jm is the m ×m matrix with all the entries 1 and Im is the m ×m identity
matrix. Hence perB(T ) is the number of permutations of {1, 2, . . . ,m} with no fixed
point, which equals to the derangement number Dm. It is known that D1 = 0, D2 = 1
and Dm = (m− 1)(Dm−1 + Dm−2) for m ≥ 3. Reducing modulo 2, by induction, we
have Dm ≡ m− 1 (mod 2).

Assume that T is not a star. Let e be any edge of T so that each of the two
components T1 and T2 of T − e has at least one edge. By Lemma 6.2.2,

perB(T ) = perB(T1) perB(T ′
2) + perB(T ′

1) perB(T2),

where T1, T2, T
′
1, T

′
2 are as defined in Lemma 6.2.2. Assume T1 has t− 1 edges and T2

has m − t edges. By applying the induction hypothesis to each of T1, T
′
1, T2, T

′
2, we

conclude that

perB(T ) ≡ (t− 2)(m− t) + (t− 1)(m− t− 1) ≡ m− 1 (mod 2).

Theorem 6.2.4 If T is a tree with an even number of edges, then T is (1, 2)-
choosable.

6.3 Every graph is (2, 3)-choosable

In the same paper [35], Wong and Zhu raised the following conjectures:
Conjecture 1: There are constants k, k′ such that every graph is (k, k′)-choosable.
Conjecture 2: Every graph is (2,2)-choosable. Every graph with no isolated edges
is (1, 3)-choosable.

Moreover, they have constructed some special families of graphs which are (2, 2)-
choosable and some other families which are (1, 3)-choosable. In answer to Conjecture
1, Wong and Zhu proved in a subsequent paper [36] the following theorem.

Theorem 6.3.1 Every graph is (2, 3)-choosable.
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Proof: The proof again uses CNS. For each z ∈ V (G) ∪ E(G), let xz be a variable
associated to z. Fix an arbitrary orientation D of G. We write uv ∈ A(D) to mean
that the edge uv is oriented from u to v. Consider the polynomial

PG({xz : z ∈ V (G) ∪ E(G)}) =
∏

e=uv∈A(D)

 ∑
e∈E(v)

xe + xv

−

 ∑
e∈E(u)

xe + xu

 .

PG is a polynomial in m + n variables xa and is of degree m. Assign a real number
ϕ(z) to the variable xz, and view ϕ(z) as the weight of z. Let PG(ϕ) be the evaluation
of the polynomial at xz = ϕ(z). Then ϕ is a proper total weighting of G if and only
if PG(ϕ) ̸= 0. The question is under what condition one can find an assignment ϕ for
which PG(ϕ) ̸= 0.

An index function of G is a mapping η which assigns to each vertex or edge z of G
a non-negative integer η(z). An index function η of G is valid if

∑
z∈V ∪E η(z) = |E|.

Note that |E| is the degree of the polynomial PG({xz : z ∈ V (G) ∪ E(G)}). For a

valid index function η, let cη be the coefficient of the monomial
∏

z∈V ∪E x
η(z)
z in the

expansion of PG. It follows from the CNS that if cη ̸= 0, and L is a list assignment
which assigns to each z ∈ V (G) ∪ E(G) a set L(z) of η(z) + 1 real numbers, then
there exists a mapping ϕ with ϕ(z) ∈ L(z) such that

PG(ϕ) ̸= 0.

An index function η of G is called non-singular if there is a valid index function
η′ ≤ η (i.e., η′(z) ≤ η(z) for all z ∈ V (G) ∪ E(G)) such that cη′ ̸= 0. We now prove
an important result.

Theorem 6.3.2 Every graph G has a non-singular index function η with η(v) ≤ 1
for v ∈ V (G) and η(e) ≤ 2 for e ∈ E(G).

As observed above, this implies that every graph G is (2, 3)-choosable.

Let AG be the matrix whose rows are indexed by edges in D and columns are
indexed by edges and vertices of G, and for e = uv ∈ A(D) and z ∈ V (G) ∪ E(G),

AG[e, z] =


1 if z = v, or z ̸= e is an edge incident to v,

−1 if z = u, or z ̸= e is an edge incident to u,

0 otherwise.

Then the polynomial PG({xz : z ∈ V (G) ∪ E(G)}) defined above can be written
as

PG({xz : z ∈ V (G) ∪ E(G)}) =
∏

e∈A(D)

∑
z∈V (G)∪E(G)

AG[e, z]xz.
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Given a vertex or edge z of G, let AG(z) be the column of AG indexed by z. For
an index function η of G, let AG(η) be the matrix with the property that each of
its columns is a column of AG, and each column AG(z) of AG occurs η(z) times as a
column of AG(η). It is known [?] and easy to verify that for a valid index function η
of G, cη ̸= 0 if and only if per(AG(η)) ̸= 0, where per(A) denotes the permanent of
the square matrix A. Thus a valid index function η of G is non-singular if and only
if per(AG(η)) ̸= 0. Recall that if A is an m×m matrix, then

per(A) =
∑
σ∈Sm

A[i, σ(i)],

where Sm is the symmetric group of degree m.

It is well-known (and follows easily from the definition) that the permanent of a
matrix is multi-linear on its column vectors (as well as its row vectors): If a column
C of A is a linear combination of two column vectors C = αC ′ + βC ′′, and A′

(respectively, A′′) is obtained from A by replacing the column C with C ′ (respectively,
with C ′′), then

per(A) = αper(A′) + βper(A′′). (1)

Assume A is a square matrix whose columns are expressed as linear combinations
of columns of AG. Define an index function ηA : V (G) ∪ E(G) → {0, 1, . . . , } as
follows:

For z ∈ V (G)∪E(G), ηA(z) is the number of columns of A in which AG(z) appears
with nonzero coefficient.

The column vectors of AG are not linearly independent. As observed in [?], for an
edge e = uv of G,

AG(e) = AG(u) + AG(v). (2)

Thus a column of A may be written as the linear combination of columns of AG in
different ways. So the index function ηA is not uniquely determined by the matrix A
itself, instead it is determined by how its columns are expressed as linear combinations
of columns of AG. For simplicity, we use the notation ηA. However, whenever the
index function ηA is used, we refer to an explicit expression of its columns as linear
combination of columns of AG which is clear from the context.

The following lemma is well-known (cf. [?]) and follows easily from Equation (1).

Lemma 6.3.3 Assume that σ : V (G)∪E(G) → {0, 1, . . .} is a mapping which assigns
to each vertex and each edge of G a non-negative integer. Then G has a non-singular
index function η with η(z) ≤ σ(z) for every z ∈ V (G) ∪ E(G) if and only if there is
a square matrix A whose columns are expressed as linear combinations of columns of
AG such that for each z ∈ V (G) ∪ E(G), ηA(z) ≤ σ(z).
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Now we are ready to prove Theorem 6.3.2. Indeed, we shall prove a slightly
stronger result.

Theorem 6.3.4 Assume that G is a connected graph and that F is a spanning tree
of G. Then there is a matrix A whose columns are linear combinations of columns
of AG such that per(A) ̸= 0 and ηA(v) ≤ 1 for v ∈ V , ηA(e) = 0 for e ∈ E(F ) and
ηA(e) ≤ 2 for e ∈ E(G− F ).

Proof. The proof is by contradiction. Assume that the result is not true, and G is
a minimum counterexample. It is obvious that |V | ≥ 3.

Let u be a vertex of G, which is a leaf of F . Assume NG(u) = {u1, u2, . . . , uk} and
orient the edges between u and ui as ei = uiu ∈ A(D) for i = 1, 2, . . . , k. Assume the
edge uku ∈ E(F ). Let G′ = G− u. By the minimality of G, and by Lemma 6.3.3, G′

has a valid index function η′ such that per(AG′(η′)) ̸= 0, and η′(v) ≤ 1 for v ∈ V (G′),
η′(e) ≤ 2 for e ∈ E(G′), and moreover, for e ∈ E(F − u), η′(e) = 0.

Let |E(G′)| = m′ where m′ = |E(G)|−k = m−k. We view η′ as an index function
of G, with η′(z) = 0 if z ∈ (V (G) ∪ E(G)) − (V (G′) ∪ E(G′)). Then AG(η′) is an
m × m′ matrix, consisting of m′ columns of AG. Let η = η′ except that η(u) = k.
Then AG(η) is an m ×m matrix, which is obtained from AG(η′) by adding k copies
of the column AG(u). The added k columns has k rows (the rows indexed by edges
incident to u) that are all 1’s, and all the other entries of these k columns are 0.
Therefore per(AG(η)) = per(AG′(η′))k!, and hence per(AG(η)) ̸= 0.

Let M0 = AG(η). For i = 1, 2, . . . , k − 1, if η′(ui) = 0, then let Mi = Mi−1. If
η′(ui) = 1, then let Mi be obtained from Mi−1 by replacing AG(ui) with AG(ei).

Claim 6.3.5 For i = 1, 2, . . . , k − 1, per(Mi) = per(Mi−1).

Proof. If η′(ui) = 0, then Mi = Mi−1, there is nothing to prove. Assume η′(ui) = 1
and Mi is obtained from Mi−1 by replacing AG(ui) with AG(ei). Let M ′

i be obtained
from Mi−1 by replacing AG(ui) with AG(u). In M ′

i , the column AG(u) occurs k + 1
times. These k + 1 columns have k rows (the rows indexed by edges incident to
u) that are all 1’s, and all the other entries of these k + 1 columns are 0. Therefore
per(M ′

i) = 0. By Equation (2), AG(ei) = AG(ui)+AG(u). By Equation (1), per(Mi) =
per(Mi−1) + per(M ′

i) = per(Mi−1).

Observe that Mk−1 = AG(η) for an index function η of G for which the following
hold:

• η(ui) = 0 for i = 1, 2, . . . , k − 1, η(u) = k, η(v) ≤ 1 for other vertices v of G.
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• η(ei) ≤ 1 for i = 1, 2, . . . , k − 1, η(e) = 0 for edges in F , and η(e) ≤ 2 for other
edges of G.

By Equation (2), AG(u) = AG(ei)−AG(ui) for each i ∈ {1, 2, . . . , k− 1}. We replace
k− 1 copies of AG(u) with AG(ei)−AG(ui) (i = 1, 2, . . . , k− 1). Denote the resulting
matrix by A. The matrix A is indeed the same as AG(η). However, in this new
format, we have ηA(v) ≤ 1 for all vertices v of G, and ηA(e) ≤ 2 for all edges of G,
and ηA(e) = 0 for e ∈ E(F ). As per(A) = per(AG(η)) ̸= 0, this completes the proof
of Theorem 6.3.4.

Corollary 6.3.6 Every graph is (2, 3)-choosable.

A result slightly stronger than Corollary 6.3.6 follows from Theorem 6.3.4: Sup-
pose G is a connected graph and F is a spanning tree of G. Let ψ : V (G) ∪E(G) →
{1, 2, 3} be defined as ψ(v) = 2 for every vertex v, ψ(e) = 1 for e ∈ E(F ) and ψ(e) = 3
for e ∈ E(G − F ). Then G is total weight ψ-choosable. The non-list version of this
result was obtained by Kalkowski [?].

The following two conjectures, which are weaker than the (1, 3)-choosability con-
jecture and the (2, 2)-choosability conjecture respectively, remain open.

Conjecture 6.3.7 There is a constant k such that every graph with no isolated edges
is (1, k)-choosable.

Conjecture 6.3.8 There is a constant k such that every graph is (k, 2)-choosable.



Chapter 7

Some other applications

This chapter presents some applications of Combiantorial Nullstellensatz to other
fields, such as number theory and geometry.

7.1 Kakeya set

A Kakeya set in Rn is a compact subset K of Rn that contains a unit line segment of
every direction.

It was proved by Besicovitch [4] that the area of a Kakeya set K in R2 can be
arbitrarily small, and K can have Lebesgue measure 0. This implies that for n ≥ 2,
there are Kakeya sets in Rn with zero n-dimensional Lebesgue measure.

For E ⊆ Rn, the Hausdorff dimension of E, denoted by dH(E), is defined as
follows:

For δ > 0, a δ-cover of E is a family {Ui} of finite or countably many subsets
Ui ⊆ Rn of diameter at most δ that covers E, where the diameter of a subset U of
Rn is

diam(U) = sup{|x− y| : x, y ∈ U}.

For a positive real number s,

Hs
δ = inf{

∑
(diam(Ui))

s : {Ui} is a δ-cover of E}.

Let

Hs = lim
δ→0

Hs
δ.

81
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Note that
lim
s→∞

Hs = 0 and lim
s→0

Hs = ∞.

The Hausdorff dimension of E is defined as

dH(E) = inf{s : Hs = 0} = sup{s : Hs = ∞}.

For any bounded subset E in Rn, it is easy to see that dH(E) ≤ n, and if E
has positive volume, then dH(E) = n. However, for n ≥ 2, even if E has zero
n-dimensional Lebesgue measure, it is still possible that dH(E) = n.

Conjecture 7.1.1 (Kakeya Conjecture) Any Kakeya set K in Rn has Hausdorff
dimension n.

This conjecture for n = 1 is trivial, for n = 2 was proved by Davies [10], for n = 3
was proved by Hong Wang and Joshua Zahl [33], and remains open for n ≥ 4.

Now we consider the version of Kakeya sets in Fnq .

Definition 7.1.2 A subset K of Fnq (q = pm for some prime p and positive integer
m) is called a Kakeya set if it contains a line in every direction. 1

Wolff [34] asked whether there is constant cn (depends on n only) such that every
Kakeya set K in Fnq has size at least cnq

n? Dvir proved that |K| ≥ cnq
n−1. By slightly

changing the arguments of Dvir, Alon and Tao proved that |K| ≥ cnq
n [11, 31]. (The

bound |K| ≥ cnq
n is proved in [11], which is stronger than Dvir originally proved and

is attributed to Alon and Tao).

Theorem 7.1.3 Every Kakeya set K in Fnq has size at least
(
n+q−1
n

)
≥ 1

n!
qn.

Proof. Assume to the contrary that there is a Kakeya set K with |K| <
(
n+q−1
n

)
.

For any non-negative integer d, denote by Poly≤d(Fnq ) the vector space of poly-
nomials P ∈ Fq[x1, . . . , xn] of degree at most d. As each P ∈ Poly≤d(Fnq ) is a linear

combination of monomials
∏n

i=1 x
ti
i with ti ≥ 0 and

∑n
i=1 ti ≤ d, and these monomials

are linearly independent, we know that dim(Poly≤d(Fnq )) =
(
n+d
n

)
(
(
n+d
n

)
is the number

1I am not sure if this is ”the” ananlog of Kakeya set in Fn
q . In Rn, we do not require a Kakeya

set to contain a whole line, just a unit length line segment in every direction. Is there something in
Fn
p corresponding to ”unit line segment”?
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of non-negative integer sequences (t1, . . . , tn) that satisfies t1 + . . . + tn ≤ d, equiv-
alently, the number of non-negative integer sequences (t1, . . . , tn, tn+1) that satisfies
t1 + . . .+ tn + tn+1 = d).

Let π : Poly≤q−1(Fnq ) → F|K| be defined as π(P ) = (P (x))x∈K . Then π is a linear

map from the vector space Poly≤q−1(Fnq ) to the vector space F|K|. As

dim(Poly≤q−1(Fnq )) =

(
n+ q − 1

n

)
> |K| = dim(F|K|),

the kernel of π is non-trivial. So there is a non-zero polynomial P ∈ Poly≤q−1(Fnq )
such that P (a) = 0 for all a ∈ K.

Assume P has degree d ≤ q − 1, and let Pd be the d-degree polynomial such that
P −Pd has degree at most d− 1 (i.e., Pd is homogenous polynomial consisting of the
highest degree monomials of P ). Observe that P cannot be a constant, so d ≥ 1.

For each a = (a1, a2, . . . , an) ∈ Fnq −{0}, choose b = (b1, b2, . . . , bn) ∈ Fnq such that
{at+ b : t ∈ Fq} ⊆ K (such a point b exists because K contains a line in the direction
of a).

Let Qa(t) = P (at + b) = P (a1t + b1, a2t + b2, . . . , ant + bn). As at + b ∈ K for all
t ∈ Fq, and P vanishes on K, Qa(t) = 0 for all t ∈ Fq, Qa(t) = 0. The degree of Qa

is the same as the degree of P . So Qa has degree d ≤ q − 1, this implies that Qa is
the zero polynomial. In particular, the coefficient of td is 0. On the other hand, this
coefficient is equal to Pd(a1, a2, . . . , an) = Pd(a). So Pd(a) = 0 for all a ∈ Fnq − {0}.
As d ≥ 1, we also have Pd(0) = 0. Hence Pd(a) = 0 for all a ∈ Fnq . This is in
contradiction to CNS. This completes the proof of Theorem 7.1.3.

The coefficient 1
n!

in Theorem 7.1.3 is not optimal. It is proved [28] that every
Kakeya set K in Fnq has size at least 1

2
( q
2.6

)n. On the other hand, there are Kakeya

sets K in Fnq of size 2−(n−1)qn +O(qn−1).

7.2 The cap set problem

SET is a pattern-recognition card game invented in 1974 by geneticist Marsha Falco.
It is a simple visual puzzle but has a surprisingly deep mathematical structure.

The deck has 81 unique cards. Each card has 4 attributes, each with 3 possible
values. The attributes and values are

• Number: 1, 2, or 3.
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• Color: red, green, or purple.

• Shape: oval, diamond, or squiggle.

• Shading: solid, striped, or outlined.

A SET is any 3 cards such that, for each of the 4 attributes separately, the values
are either all the same, or all different.

For example, the three cards ”1 red solid oval, 1 green solid oval, 1 purple solid
oval” form a SET: number, shape, shading the same, and color all different.

The three cards ”2 red striped diamonds, 2 red striped ovals, 2 red striped squig-
gles” form a SET: number, color, shading the same, and shape all different.

To play this game, deal 12 cards, face-up in a grid. All players scan simultaneously.
First to spot a SET calls ”SET!”, points to the 3 cards. If correct: take the 3 cards
and win 1 point, deal 3 replacements from the deck to keep 12 on the table.

If wrong: then lose 1 point.

If everyone agrees no SET exists in the 12 cards in the grid, deal 3 more cards
(now 15, then 18. . . ). When a SET is finally taken, do not replace those extra cards
until the table drops back to 12.

Game ends when the deck is empty and no SET remains on the table. Player with
the most points wins the game.

We may assume the cards are elements of F4
3. What referred as a SET is an

arithmetic progression of length 3 in the field. This leads to the following problem:

What is the maximum size of a subset of F4
3 that contains no arithmetic progression

of length 3?

More generally, what is the maximum size of a subset A of Fn3 that contains no
arithmetic progression of length 3? Observe that a set A contains no arithmetic
progression of length 3 is equivalent to the following statement:

The equation

a1 + a2 + a3 = 0

has no solution in A3, except that a1 = a2 = a3.

To study this problem, we consider a more general question. Let Fq be a finite
field, and α, β, γ be elements of Fq with α + β + γ = 0 and γ ̸= 0. Assume A is a
subset of Fnq such that the equation αa1 +βa2 +γa3 = 0 has no solution in A3, except
that a1 = a2 = a3. What is the maximum size of A?
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We denote by Mn the set of monomials in x1, . . . , xn whose degree in each variable
is at most q − 1, and let Sn be the Fq-vector space they span.

Observe that the evaluation map e : Sn → FFn
q
q given by e(p) = (p(a))a∈Fn

q
is

a linear isomorphism. Indeed, both spaces have dimension qn, and the map e is
surjective since for every a ∈ Fnq , the polynomial

∏n
i=1(1− (xi− ai)

q−1) is mapped to
the indicator function of point a.

For a real number d ∈ [0, (q−1)n], let Md
n be the set of monomials in Mn of degree

at most d and Sdn the subspace of Sn they span. Write md for the dimension of Sdn.

Lemma 7.2.1 Let Fq be a finite field, and A ⊆ Fnq , α, β, γ ∈ Fq, α + β + γ = 0.
Suppose P ∈ Sdn, and P (αa + βb) = 0 for every distinct elements a, b of A. Then
|{a ∈ A : P (γa) ̸= 0}| ≤ 2md/2.

Proof. Consider the |A| × |A|-matrix B with entries Ba,b = f(αa+ βb) for a, b ∈ A.
By our assumption, Ba,b = 0 if a ̸= b, i.e., B is a diagonal matrix.

Each entry f(αx + βy) =
∑

m,m′∈Sd
n,deg(mm

′)≤d cm,m′m(x)m′(y). As the degree of

mm′ is at most d, at least one of m,m′ has degree ≤ d/2. Thus

f(αx+ βy) =
∑

m∈Sd/2
n

m(x)Fm(y) +
∑

m′∈Sd/2
n

m′(y)Gm(x).

For each m ∈ S
d/2
n , the |A| × |A| matrix C(m) with entries C(m)a,b = m(a)Fm(b) is a

rank 1 matrix. Similarly, for each m′ ∈ S
d/2
n , the |A| × |A| matrix D(m′) with entries

D(m′)a,b = Gm(a)m′(b) is a rank 1 matrix. As

B =
∑

m∈Sd/2
n

C(m) +
∑

m′∈Sd/2
n

D(m′),

we conclude that the rank of B is at most 2md/2. As B is a diagonal matrix, B has at
most 2md/2 non-zero diagonal entries, i.e., there are at most 2md/2 elements a ∈ Fnq
such that f(αa+ βa) ̸= 0. As α + β = −γ, the lemma is proved.

Theorem 7.2.2 Let α, β, γ be elements of Fq with α + β + γ = 0 and γ ̸= 0. Let
A ⊆ Fnq and the equation αa1 + βa2 + γa3 = 0 has no solution in A3, except that
a1 = a2 = a3. Then |A| ≤ 3m(q−1)n/3.

Proof. Let d ∈ [0, (q − 1)n], and let V be the space of polynomials in Sdn vanishing
on the complement of −γA. Then V has dimension at least md − (qn − | − γA|) =
md − qn + |A|.
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View the elements of V as functions on Fnq . Let P ∈ V be a polynomial with
maximal support. Let Σ = {a ∈ Fnq : P (a) ̸= 0} be the support of P . Then
|Σ| ≥ dim(V ), for otherwise, there is a non-zero polynomial Q ∈ V that vanishes on
Σ. Then P +Q ∈ V has support strictly larger than Σ, in contradiction to the choice
of P .

Let S(A) = {αa1 + βa2, a1, a2 ∈ A, a1 ̸= a2}. By our assumption, S(A) is disjoint
from −γA. Hence P vanishes on S(A). By Lemma 7.2.1, |Σ| ≤ 2md/2. Therefore

md − qn + |A| ≤ dim(V ) ≤ |Σ| ≤ 2md/2.

Hence
|A| ≤ 2md/2 + (qn −md).

Note that qn−md is the number of q-power-free monomials whose degree is greater
than d. There is a bijection between this polynomials with those monomials of degree
less than (q − 1)n− d:

∏n
i=1 x

ti
i →

∏n
i=1 x

n−1−ti
i . Hence

|A| ≤ 2md/2 +m(q−1)n−d.

Let d = 2(q − 1)n/3, we have |A| ≤ 3m(q−1)n/3.

Let q = 3. We estimate m2n/3, which is the number of monomials in n variables,
each variable has an exponent 0, 1 or 2, and with total degree at most 2n/3. Given
a triple (a0, a1, a2) such that a1 + a1 + a3 = n and a1 + 2a2 ≤ 2n/3, the number of
monomials with ai variables of degree i for i = 0, 1, 2 is n!

a0!a1!a2!
. Hence

m2n/3 =
∑

a0+a+1a2=n,a1+2a2≤2n/3

n!

a0!a1!a2!
.

The number of triples (a0, a1, a2) of non-negative integers with a0 + a1 + a2 = n is(
n+3
3

)
≈ n3. Thus

m2n/3 ≤ n3 max{ n!

a0!a1!a2!
: a0 + a+ 1a2 = n, a1 + 2a2 ≤ 2n/3}.

By Stirling formula, n! = (1 + o(1))
√

2πnnne−n. So n! ≈ nne−n up to a polynomial
factor. Let ai = αin, h(α0, α1, α2) =

∑2
i=0 −αi logαi, and let

α = max{h(α0, α1, α2) : α0 + α1 + α2 = 1, α1 + 2α2 ≤ 2/3}.

Then
m2n/3 ≤ n3eαn.
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By applying the Lagrange multiplier method, we conclude that the maximum of h is
attained at

a0 =
32

3(15 +
√

33)
,

a1 =
4(
√

33 − 1)

3(15 +
√

33)
,

a2 =
(
√

33 − 1)2

6(15 +
√

33)
.

Hence α ≈ 1.0135. It follows that

|A| = O(2.756n).
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[3] Tomasz Bartnicki, Jaros l aw Grytczuk, and Stanis l aw Niwczyk. Weight choos-
ability of graphs. J. Graph Theory, 60(3):242–256, 2009.

[4] A. Besicovitch. On kakeya’s problem and a similar one. Math. Z., 27:312–320,
1928.

[5] Leizhen Cai, Weifan Wang, and Xuding Zhu. Choosability of toroidal graphs
without short cycles. J. Graph Theory, 65(1):1–15, 2010.

[6] Eun-Kyung Cho, Ilkyoo Choi, Ringi Kim, Boram Park, Tingting Shan, and
Xuding Zhu. Decomposing planar graphs into graphs with degree restrictions.
J. Graph Theory, 101(2):165–181, 2022.

[7] Hojin Choi and Young Soo Kwon. On t-common list-colorings. Electron. J.
Combin., 24(3):Paper 3.32, 10, 2017.

[8] L. J. Cowen, R. H. Cowen, and D. R. Woodall. Defective colorings of graphs
in surfaces: partitions into subgraphs of bounded valency. J. Graph Theory,
10(2):187–195, 1986.

[9] W. Cushing and H. A. Kierstead. Planar graphs are 1-relaxed, 4-choosable.
European Journal of Combinatorics, 31(5):1385 – 1397, 2010.

[10] Roy O. Davies. Some remarks on the Kakeya problem. Proc. Cambridge Philos.
Soc., 69:417–421, 1971.

89



90 BIBLIOGRAPHY

[11] Zeev Dvir. On the size of Kakeya sets in finite fields. J. Amer. Math. Soc.,
22(4):1093–1097, 2009.

[12] N. Eaton and T. Hull. Defective list colorings of planar graphs. Bulletin of the
Institute of Combinatorics and its Applications, 25:79–87, 1999.

[13] M. N. Ellingham and Luis Goddyn. List edge colourings of some 1-factorable
multigraphs. Combinatorica, 16(3):343–352, 1996.

[14] H. Fleischner and M. Stiebitz. Some remarks on the cycle plus triangles problem.
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